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Abstract

This paper considers the decay rates of electromagnetic and spin-2 fields in
Minkowski space. Each of the three main methods used for studying hyper-
bolic equations in Minkowski space — namely, the stationary phase method,
the conformal compactification method, and the commuting vector fields
method — is examined in turn and applied to the two particular equations
under consideration.

The main part of the paper consists in rederiving the decay rates of
solutions to the field equations (in particular to the Maxwell equations), by
means of the stationary phase method and of the conformal compactification

method.
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Chapter 1

Introduction

We shall use the notation a < b whenever there exists a constant C' such that

lal < C|b.

1.1 General Notions

Consider an orientable Riemannian manifold M of dimension m, on which
we select a volume form e. The inner product (-,-) on TpM can be extended
to an inner product on the space of tensors defined at the point P, denoted
with the same symbol.
Definition 1.1. The Hodge star operator is the linear operator that assigns
to each tensor o € A% (M) another tensor xa € AP (M) such that (see [11,
p. 87])

(xar, B) = (a A\ B, €p). (1.1)

In local coordinates one has, for

_ M1 Hp
a =y ,,de" @ @d',
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that
(—1)P(m=p)

p!

Property 1.2. For a pseudo-Riemannian manifold M of dimension m whose

*Qry,, aftmoptLtim (1.2)

< Hm—p = 6,Ulu-,Uf'm

metric has s minus signs and for w € AP(M)
sk = (—1)Pm=PIHsg, (1.3)

Consider the exterior differential d and let us also define (see [11, p. 88]),
for the pseudo-Riemannian manifold M of dimension m whose metric has s

minus signs and for w € AP(M),

Definition 1.3.
Sw = (—1)mPrmEstl o dx w. (1.4)

The most important property of this operator is that

Property 1.4. Denote by («, ) the inner product on AP(M)
@8) = [anss= [ (030 (1.5)
Then (assuming the integrals are finite)
(da, B) = (a,50). (1.6)

We define the Laplacian on a pseudo-Riemannian manifold with a positive

definite metric, such as R¢, by
A =dd + dd. (1.7)

On Minkowski space we shall use [J in order to denote the same notion.



Definition 1.5. The space D(RY) is the space of smooth functions of com-

pact support in RY.

Let us introduce the weighted Sobolev spaces, of which we will make use

throughout the remainder of this paper, as follows:

Definition 1.6. H, ,(R?) is the completion of D(R?) under the norm
£ = [ S+ P E) T (o) P (18)
k=1

Here n is an integer and m is any real number.

1.2 Notions Specific to Minkowski Space

Definition 1.7. The Minkowski space, denoted R3*! is the set
R** = {x = (w0, 7)|2o € R, Z € R*}. (1.9)

It is a pseudo-Riemannian manifold, endowed with the inner product of sig-

nature (1, —1,—1,—1) on T,(R*)

(€,m) = Eomo — (€, M)gs- (1.10)

The first coordinate zg is also denoted by ¢ (meaning time) and another
usual notation is |Z| = r. It is also customary to use Greek letters for naming
any of the four coordinates and to use Roman letters in order to denote the
spatial coordinates only.

The vector fields defined as T, = 0,» = f,, (the coordinate unit vectors)
at each point form a frame for T(R3*!), which can therefore be identified,

linearly, with the trivial vector bundle R3*! x R*.
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Definition 1.8.
St = {v € R¥ g =1, J2] = r). (1.11)

Theorem 1.9. Consider a tensor a € AP(R3*). Then Oa = 0 if and only
if dao =0 and da = 0.

Proof of Theorem 1.9. We note that
(Da, B) = (8da, B) + (dSa, B) = (da,dB) + (5o, 08).  (1.12)

Thus, if da and da are 0, it follows that Ca = 0. Conversely, if Oa = 0, we
see that {(da, dB)+ {0, 03) = 0 for any 3 € AL(R3*™!). However, by Poincaré’s
Lemma, for any v, € ALTH(R3™!) and 45 € AP7H(R3!) there exists a unique
[ of compact support such that 63 = v; and d§ = 5. It follows that da = 0,
da = 0. O

1.3 The Newman-Penrose Formalism

The Newman-Penrose formalism, such as it was introduced in [7], consists in
defining a spin structure on the space-time (see [9], whose exposition I am
going to follow) and expressing the gravitational tensor as a 2-spinor.

On the Minkowski space R3™!, consider a 2-dimensional complex vector
bundle V', on which a symplectic product (-,-) is defined. In local coordi-
nates, for any given basis (v, v3), the symplectic product is expressed as an
antisymmetric, nondegenerate 2 X 2 matrix: (v4,vg) = €45. One can also

choose a basis for which e takes the form

0 1
€= (1.13)
~1 0



on a neighborhood of any given point in R3*!, the base of V.

The conjugate bundle V is a symplectic bundle with the product € (in
local coordinates). The symplectic product on V' also induces one on the
dual vector bundle V*, namely e*? (the inverse of €), and one on V", €B.

For a basis (v4) on V, let us denote by (va), (v4), and (v?) the bases

corresponding to it on V, V*, and v respectively.

Definition 1.10. The tensor product of any number of copies of V., V, V*,

and V" is called a spinor bundle and its sections are named spinors.

The symplectic product on V' induces on any spinor bundle either a sym-
metric or an antisymmetric product, depending on the bundle’s dimension.
In particular, let us consider the spinor bundle W ¢ V @ V of Hermitian

spinors, that is of those spinors w for which wap = Wga:.

Theorem 1.11. Assume that the spinor bundle V over R3*! is the trivial
vector bundle R3* x C? with the symplectic product given at every point by
€ (see above). Then, there exists an isometry o between the tangent space

T(R3Y) and W given at each point by

o(fo) = (v @ vy + 11 ®vyr), o(f1) = (Vo ® vy — 11 ® V1),

L L
V2 V2
O'(fg) = %(UO Uy +v1 & 'Uol), O'(fg) = %(Z’UO X vy — ’iUl 0% 60/). (114)

Proof. Clearly (f,) form a basis for T,(R*"!) and the spinors enumerated
above form a basis for W), so this is a well-defined linear isomorphism. It

can also be checked that it preserves the dot product, for example

1
(UQ Ruy +11 K Ull), —(UQ Ry +11 K Uy)) =1= <60, €0>. (115)

1
(5 v
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O

On the basis of this isomorphism, one obtains a new frame for the com-
plexification of the tangent space of R**! T(R*™') @g C, given by X, =
e, = 0 H(va ® vp) at each point. Since all the vectors e, = o7 (v4 @ vp)
are null (they have the property that (e,,e,) = 0), this frame is called the
null frame. However, we want to avoid the presence of vectors with complex

coordinates, so let us redefine the notion as follows:

Definition 1.12. A null frame is one consisting of four vectors (E,, E_, e3, e4)
at each point where it is defined, such that (F, F_) is an orthonormal basis
for the tangent space to the 2-sphere S, going through that point, while

_o_ 2 _0., 9
€3 =3 — 5, and e = 5 + 5o

We also require that e(F,, F_, e3, eq) = 2, where € is the volume form of
the Minkowski space.
One can extend the isomorphism between T(R3!) and W to tensors of

higher rank, both contravariant and covariant. For example, we see that

Al (R?)—i-l) >~ W+

Definition 1.13. A spin-2 tensor field is one that can be represented as
W = o' (¢ ® ¢), where ¢ is a 4-spinor, ¥ € V* @ V* ®@ V* ® V*, and is

symmetric in all indices.

Theorem 1.14. A 4-covariant tensor field is a spin-2 tensor field if and only



if it possesses the following symmetries:

Wapys = —Waays = —Wapsy
Wiagys = 0 (the Bianchi identities)
Wagys = Wisas

We.s = 0.

(1.16)

The interior derivative of an antisymmetric 2-covariant tensor field is the
1-form given by
ixF(Y)=F(Y,X). (1.17)

The corresponding notion for spin-2 tensors is
i(X17X2)W(Y’17}/2) = W<)/17X17}/27X2)' (118)

Definition 1.15. The null decomposition of a tensor field is its decomposi-
tion into components using the null coordinate frame. More precisely, when
F is a 2-covariant antisymmetric form, F' € A?(R3*!), we obtain from its
decomposition the 1-forms a and « tangent to the 2-spheres S,, and the

scalar quantities p and o, where

a(X) =i, F(X) = F(X, e3)

a(X) = i, F(X) = F(X.e4) 1)
p= % (es, €4)

o= F(ea, ep).

Since ey A ep is the area element of the 2-sphere S,,, the definition of p

is coordinate-independent. Similarly, we define for a spin-2 tensor W the



following quantities:

IQ

YY) =iy e W(X,Y) = W(X, e3,Y, e3)
YY) =i, enW(X,Y) = W(X, €4,Y, €4)
sW(X, e3,e3,¢4)
1I/V(X, €y, €3,€4)

Q

'

(1.20)

(X
(X
(X
(X

=)

(637 €4, €3, 64)

) =
) =
W

%W(GA,GB,eg,ezl).

SRS
I

One can easily show that the totality of these components uniquely de-
termines the tensor from which they were obtained.

Another useful way of writing the tensors is by means of their electric
and magnetic parts, £ and H. Namely, consider the vector field T = e¢y. We

can define, for an antisymmetric 2-covariant tensor field F',
E=ipF =F(Ty), H=ig"F. (1.21)

Here E and H are 1-forms tangent to the hyperplanes (¢ constant). Similarly,
for a spin-2 field W, one can define the symmetric 2-forms £ and H

E == i(To,To)Wy H == i(To,To)*W (122)

Observation 1.16. We consider W to be a 2-covariant antisymmetric tensor
with values in the set of alternating 2-forms and accordingly we define %W/

in the above expression by
*Waﬁvd - EQBMVWMVW;- (123)

Under this interpretation, £ and H can also be seen as 1-forms with values

in the space of 1-forms.



Observation 1.17. We can express the null components of the tensors F' and

W as a function of £ and H as follows (see [3, p. 152, 171])
ay=FEy— EEHB
g = EA + EEHB
P = _EN7 0 = _HN7

)

x
where €4 is the area form of the 2-sphere S;, and N = —0,,
T

field W we have

aup =2(Eap — €GHep) + pdap — 0€an
aap = 2(Eap + €{Hep) + pdas + 0ean
ﬁA = FEan — GEHBN
fa= Ean + €5Hpn

p=FEnxn, 0 =Hyn.

1.4 The Field Equations
The equations that we intend to study are
UF =0,
where F'is an antisymmetric 2-covariant tensor field, and

ViaWgajse =0

. for F

(1.24)

. For the spin-2

(1.25)

(1.26)

(1.27)

for a spin-2 tensor field, with initial values given on the hyperplane t = 0

(F |4=o or W |;—¢ is known).

By Theorem 1.9, (1.26) is equivalent to saying that dF" = 0 and d+x F' = 0.

Furthermore, instead of considering W to be a 4-tensor, let

9

us take it to be



a 2-covariant antisymmetric tensor with values in the set of alternating 2-
forms. Then, equation (1.27) is just dW = 0 and we also have that éW =0
(see [3] for the proof).

Theorem 1.18. Equation dF' = 0 can be rewritten as either
ViF =0or VA% F,, =0. (1.28)
Similarly, equation dx F = 0 is the same as either

Viu*xF,x=0o0rV'F, =0. (1.29)

Proof of Theorem 1.18. The first statement is trivial, the second follows from

the fact that
0=VFxF,, =V, ("F,p5) = eV, F.s. (1.30)

Now, the last two statements are a consequence of the fact that x x F =

_F. [l

Theorem 1.19. Equation dW = 0 is equivalent to either of the following

four systems of equations:

ViaWase = 0 (1.31)
VO s Wags = 0 (1.32)
Via * Wgyse = 0 (1.33)

Vo Weps = 0 (1.34)

10



Proof of theorem 1.19. The equivalence of the first two statements to dIWW =
0 follows from Theorem 1.18. However, the tensors W and *W, as spin-
2 tensors, have additional symmetries that allow us to prove the last two
statements as well. Contracting o and ¢ in (1.31) we obtain (1.34), which is

equivalent to (1.33) by the previous theorem. ]

Theorem 1.20. In terms of the electric and magnetic components, equations

(1.26), (1.27) can be written as

V.E=0, V.H=0

(1.35)
OE=VxH, 00H=-VxE,
where
V.a=Viaj, (Vxa)=e"V,u (1.36)
for 1-forms and
(Va)l = VjOéji, (V X Oé)u = EijijOékl (137)

in the case of 2-forms (which is the same as the previous definition, if we

consider « to be a 1-form with values in the space of 1-forms).

Observation 1.21. Both in the case of antisymmetric 2-covariant tensors and
in that of spin-2 tensors, the time derivatives of the tensor at ¢ = 0 need not
be given explicitly, since they can be computed by knowing the value of the

tensor at the origin.

Indeed, in the first case the equation can be rewritten in local coordinates

as

VinFu) =0, V*F,, =0, (1.38)

11



where [Auv] stands for the sum of all cyclical permutations (A, i, v), (u, v, A),
and (v, A, ). Thus, all the time derivatives of the tensor can be expressed
in terms of the spatial derivatives, for example 0,Fyg = V°Fy; = —(VoFy +
VisF3 + VyFy).

In the second case we can rewrite the equation as
VieWsyse =0 (1.39)

and we can express the time derivatives of W as a function of the other

derivatives, in a similar manner.
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Chapter 2

Survey of Known Results

The decay rate of solutions to the two equations (1.26) and (1.27) has been

studied extensively, the reference works being [3] and [1].

2.1 Stationary Phase Method

The classical way of treating hyperbolic equations is to apply the stationary
phase method to the solution written explicitly with the help of the funda-
mental solution. It is represented by papers such as [10]. There, the author

proves that for the scalar equation
Ou=0 (2.1)
with initial data u |—o€ W2+ 9 |,—g€e W21 the solution has a

decay rate

u< (14t+7r) " D/2 (2.2)
However, as far as I know, this method has not been applied in order to

obtain the improved estimates that are attainable for tensors.

13



2.2 The Conformal Compactification Method

In their paper [1], the authors took a new approach to the study of this
problem. Namely, they applied the conformal compactification method in-
troduced by Penrose [8] in order to prove the existence of global solutions
to field equations in Minkowski space and related spaces, obtaining their
asymptotic decay rates as a side result. More precisely, for the Yang-Mills

equation in the Minkowski space R3*1,

Ve — g (2.3)
JHO = (TS 4 (TOVHD + VHOT D) (24)
VU = H(®,0), 0P = K(P, V) (2.5)

the authors obtained the following decay rates (see [1, p. 501]):
(@2)"2 S (L4 (t+1)) (L4 (t—1)*)77,
(@7,\”»1,)1/2 < (1 +(t+ 70)2)—3/4(1 (- 7”)2)_5/4’
FaS (L4 t+r)?) 1+ @—r?)™ "7 (2.6)
(Fap, Fi) S (1+( t—H“ )+ -
Faa S (14 (t+r)2) P+ (¢ —r2) ™2
Christodoulou used again the same method in [2], in order to prove the

existence of solutions to the quasilinear system of hyperbolic equations
Ou = f(u, du, 0%u), (2.7)

where u = (uy,...,uy), f4(u,v,w) = o (u,v)w}, + 3*(u,v), and in dimen-
sion 3 f is also required to satisfy the null condition. Under these assump-

tions, together with conditions on the initial data

U|t:O S H(d+1)/2+2,(d+1)/2+1(Rd)> 8tu‘t:0 € H(d+1)/2+1,(d+1)/2+2(Rd)a (2.8)

14



u was shown to have the property that

d—1)/4

u(t,z) S (14 (t+1)2) " 14 (1 —r)?) (2.9)

2.3 The Commuting Vector Fields Method

In [5] the commuting vector fields method is introduced for the first time. This
method allows one to obtain results similar to those in [2] under fewer as-
sumptions for the initial data (and can be applied to a more general category
of spaces as well). Namely, in his papers [5] and [6], Professor Klainerman

proved that, if u is a solution of the homogeneous hyperbolic equation
Ou =0 (2.10)

with
u‘t:O & Hsyl(Rd), 8tu|t:0 - Hs_l,l(Rd), (211)

where s > n/2 (in particular s > [n/2], since s is an integer), then (see

Corollary 1, p. 133, in [6])

—1/4

u(t,z) S (14 (t+1)2) " 1+ (¢ = r)?) (2.12)

In their subsequent paper [3], Professors Klainerman and Christodoulou
proved a better result concerning electromagnetic and spin-2 fields. Under
the condition that

F|,_, € Hy1, (2.13)

where F' is a 2-covariant antisymmetric tensor field satisfying the electro-

magnetic field equation

dF =0, d*F =0, (2.14)

15



they proved that its components in the null frame satisfy the estimates

VIVE Via(t,z) < ro T2 R(0)

AN

I Hypgnti42,1(R3)s

(t,)
(t,2) S 2 T B E )y ()

A4 Vi (t,x) < r*5/2*"*’||F(0)||Hm+n+l+2,1(R3), and
(t,2) <

C3ep] —1/2—
p3 iy / m”F(O)HHm+n+l+3,1(R3)’

VIV Vi p,0)(t, x

ﬁ

varl vn Vl

at,x

2.15

o
—_

)
6)
7)
2.18)

b
—_

(
(
(
(

on the set where r > 1+ t/2, where 7_ = (1 + (¢ — 7“)2)1/2, and the interior

decay estimate

VIE(t ) St F(0) 20

(2.19)

in the region r <1+ 1/2. The rate of decay for « is no better than the one

that can be obtained simply by knowing the fact the components of F' satisfy

the scalar hyperbolic equation [1F),, = 0, but the other results represent a

new phenomenon, different from the scalar case.
Similarly, for the 2-spin tensor W,
—1—n—l_—5/2—m
r! T_ / ||W(0)||Hm+n+z+2,2(R3)’

o] —3/2_
r2 =l / m“W(O)’|H7n+n+z+2,2(R3)’

van Vl

alt,x

VI VSt

N

VIV Y (p,0)(t, ) < rd e W

(t,2) S
(t,7)
(¢, 7)
ViV (B, )t a) ST FO) a2,
(t,7)
(t,7)
(t,7)

N
=

(0) ||Hm+n+l+2,2(R3)7

Verlvn V ﬁ t, T ,4,n717_:1/27m“W(0)

N
=

||Hm+n+l+3,2(R3) )

VsVi Via(t,z) < r= 22w (0) and

HHm+n+l+3 2(R3);

vm+2 vn Vl

N

—5—n—1 _—1/2—
t;x T 5—n lTﬁ / m||W(0)||Hm+n+l+4,2(R3).

One can also obtain an interior decay estimate of the form

VW (t,x) S W(0) 5y ne)-

16
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In the course of this paper all the three methods will be employed in order
to obtain various results concerning the decay rates of electromagnetic and

spin-2 fields (equations (1.26) and (1.27)).
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Chapter 3

Main Results

We are going to apply all the three methods separately, in order to obtain

the corresponding decay results.

3.1 Stationary Phase Method

We are interested, to begin with, in the asymptotic behavior of the scalar

solutions of hyperbolic equations in R4*!,

Lemma 3.1. The Fourier transform of the space H, ,,,, when both n and m

are non-negative integers, s
H, (R = { f e L*RY)

n+m 1/2
\rf\\Hn,mmd):( / Z|ka|2<|x\2mm<0’km>+\x12”>dx> <o} (@)

pa k=0

Lemma 3.2. Consider a solution of the hyperbolic equation (JF = 0, repre-

18



sented in the form

F(t,x) = / D B (£)dg + / TN E_(dg. (3.2)
R3 R3
Then this representation is unique.
Proof. Indeed, consider two different representations of F' given by the pairs
of functions (Fy4, F1_) and (Fyy, Fy_). By considering equation (3.2) and its
derivative with respect to t at t = 0, we obtain that

A ~

Fi@)+Fi_(§) = By () + Fo_(9)

and
|§|(F1+(f) - Flf(é)) = |€’(ﬁ2+<f) - F%(f))
for any &, whence the conclusion follows (for almost every &). O

Consider a covariant antisymmetric 2-tensor F', which is a solution of the
wave equation (1.26), and whose electric and magnetic parts are E, respec-

tively H.

Lemma 3.3. Assume the the electric and the magnetic parts of F' are rep-
resented by
Blt.a) = [ @S E e+ [ eI0B € (33

R3 R3

and similarly for H. Then we have

BL(6).£ =0, Ho(6)£ =0, (3.4
Bu(€) = 1 % Hul). B-(6) = =17 X H-(6). (3.5)

and if E |i—o and H |;—o both belong to H, ,(R?), then E., Hy € ]:In’m(RS).

19



Proof of Lemma 3.3. Let us replace £ and H with their explicit represen-
tations (3.3) in the Maxwell equations (1.35). We obtain that the pairs
(¢.FE,,€.FE_) and (0,0) represent the same functions (the left and the right
hand of the equation V.E = 0), so one of the conclusions of the lemma follows
(and the same for H..). Then, the pairs (|¢|Ey, —|¢|E_) and (§x H,, Ex H_)
also represent the same function (0,F and V x H, the left and right side of
the other Maxwell’s equation), so they concide.

Finally, when E |;—g and H |- are in H,,,(R?), we see that O,F |—o=
VX H |i=o and O, H |;—o= V X E |—o. Hence we infer that (due to the unicity

of the representation)

~ 1 /\
B, = =(E(0,- =
1 _ _— ~
= 5(E(o, D+ é—’ x H(0,-)) € Hym(R?) (3.6)
The same applies to E_ and to H4, so the proof is complete. O

Observation 3.4. The same representation can be obtained for the compo-
nents of a spin-2 field W, if we define the dot product and the cross product
as follows:

(’UE)] = ’UiEij, (U X E)Z] = Gikl’l)kElj. (37)

Let us denote |z| = r, & = 2/r and |¢] = p, € = £/p. Following a change

of variables, we can assume that T = e;.

Theorem 3.5 (Interior Decay). Assume f € Hq1(RY). Then, for r =
x| < 3t,

F(t,x) = / il f(£)dg < ¢4, (3.8)

R4

20



Proof of Theorem 3.5. Rewriting the integral in polar coordinates, we get

t QZ' / / 2mip( r§ 61+t pf) d— 1d€dp (39)

0 sd—1

Integrating by parts d times, we obtain

d—1 1 ; °
Fl) =0 / Gritren i DR

—1

27rzp(r£ e1+t) R .
/ / P (o) )dEdp <

(2mi(ré.e; + 1)) 7

<t—d(||f||p<w>+z [ 19 fler-tae
k<d/2py 1)

d—1 °°

+ Z IV fll oy + / / vd—kﬂpé)w—l-kdédp) <

k>d/2 k=09 cin1

1 1 1/2
— (d+1)/2
< 4 <H(1 + |$| )f”LQ(Rd)(/ (1 n |x|(d+1)/2)2d$> +
R4

N i / e~2de) "+

k<d/2 B0.1)

|2(d—k

d
E 1/2
-+ Z H(l + |x|d+l)fHL2(Rd)< / W(il’) -+

k2d/2 B(0,1)

S [ 1o)™Y <
R4

k=0
§1>1

1
< o (310
[l
Observation 3.6. The condition on f can be reduced to f € H,1(R?), with

21



n > d/2, in which case

F<t™ (3.11)

Theorem 3.7. If E is a vector field on R?, such that E(f){’ =0 for any &
and E € ﬁQ,l(Rg’), then the following is true:

F(t,z) = N. / e2mi@EHUE) B(€)de < 2, (3.12)
R3
where N s the unit vector normal to the 2-spheres Sy, in the hyperplane of
constant t, N = “’”78:,3 =<

Proof of Theorem 3.7. We note that Vge?mi(@<+t) = 27ri62”("”'5+t|5|)(x—|—t%).
Thus,

) A 1 ) N ) f A
27TZ($.£+t‘f|)N.E - <v 2mi(x.E+t[E]) B Py 2ﬂ-l(m'£+t‘£|)t—.E ) —
: (€) = o (Veleme64160) () —2ric £LB(©
1 mi(x n
= V(D). B,

using the fact that E(f).f = 0. Integrating by parts, we obtain that

/ 2@ DT B(€)de. (3.13)
R3
What follows is a standard argument. We can assume that = is parallel to

e1, one of the coordinate vectors. Let us redenote —--V.FE (€) by G. We

27

have that G € Hyo(R?), because G is the Fourier transform of z.E(x). Let

~

us make the changes of variable (to polar coordinates) £ — (p, &), where

§ é— ST

= = > and £ h = ¢ dw=—>5>"1_
Y |§|7 5 |€| an § — (Sluw)u where 51 561 and w (1 _g%)l/? We
obtain )
1 .
F(ta) =~ / / / 2mPTEED) G dwdpde, (3.14)
-1 0 st
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Integrating again by parts in & we get
1

27rzp réi1+t)
(// ———Gpdwdp
2mipr P
0
27rzpr£1+t) )
dwdpdé, |. 1
/ / / o O Grtdudpdy ). (315

Hence we have obtained two powers of r and the remaining quantities under

the integral sign are bounded. Indeed, let us deal with each of them sepa-
rately. The boundary term for £ = 1 becomes (since G(p,w, 1) = G(p,e1) =
G(pe1))

627rzp(7'+t)
27?/—G(pel pdp S / 1G(p, )l Lo (s2ypdp S / 1G(p, WM mr+es2)pdp S

21
0

oo 12 , % P 1/2
< (16t + e a0) ([ L)
J Pty

S NGl o). (3:16)

The other boundary term, for £& = —1, is entirely similar and the last term
n (3.15) is
1 oo
27rzp ré1+t)
|| | or—0uGotudpcs / / IVGI(1 - &) pdedp
~10 st 0

5/||VG(P,')||L2+E(S2)PdP5/||G(P>')||H1+E(S2)Pd/)§ Gl g, omsy- (3:17)
0

Here, by € we have denoted various small positive numbers. The last step
of (3.17) is exactly the same as the last step of (3.16). Thus, the proof is

complete. n
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Corollary 3.8. If the initial data for equation (1.26) satisfies F' |,—o€ Ha1(R?),

2

then p <172 and o < r=2 (where p and o are the null components of F de-

fined by (1.24)).

Proof of Corollary 3.8. Indeed, we know by Lemma 3.3 that

p= _N.E = —N. / 62m(x‘£+t‘£|)EA+(f)d£ _ N. / e27ri(z.£ft\£|)EA7 (g)déf’
R3 R3

where £ .Ei(f’ ) = 0. The result that p < r~2 follows directly from the previous
theorem and from the corresponding estimate for £_. By replacing F with

H. one obtains the result for o. O

Lemma 3.9. If oy is a coordinate of a (one of the null components of an
electromagnetic tensor F', satisfying equation (1.26) ), then there exists a vec-

tor vLlx such that

ar(z,t) = /€2m(:v£+t|§|) ((ﬁ + i>’ﬁ+(§),v) dé+

| [€]
R3
2mi(x€—tl€|) i_i R )
+R[€ (<\f€| Iél)’H(f)fU dé. (3.18)

Proof of Lemma 3.9. Consider a negatively oriented orthonormal basis (e, €2)
for T, (St ), such that €15 = 1 (where € is the area form of S;,.). Indeed, here
the area form e is the same one that appears in the formula (1.24), given by
e(ea,ep) = %6(6,4,63,63,64), with e3 = 0, — 0,, e4 = Oy + O, (see [3, p. 152]).
Thus, it defines the negative orientation on the 2-sphere S;,. Clearly e; Lz

and, because of the negative orientation, we have that e; = — 7y X e Then,
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by formula (1.24),

0= E + Hy = ¢,.FE — (é—‘ X el>.H.

Using the representation given by Lemma 3.3 and the fact that E, = :i:é—‘ X

f]i (proved in the same Lemma), we obtain that

an= [[erte st (e (& x i10) — (G ).l ) der

€] ||
+ / e2mil@=teh < - el.<% x H,(g)) - (;—‘ x el>.f[(§)> de. (3.19)

By rearranging the terms and denoting e; by v, we see that we can rewrite

these expressions in the form in which they appear in (3.18). Thus, for

example,
19 . z . B T 19 .
61.<|§‘ x H+(§)> — (,x x el>.H+(£) - <\:v! + m),m(g),u .
This completes the proof of the lemma. n

Theorem 3.10. For a solution F' of Mazwell’s field equations corresponding

to sufficiently smooth initial data,

a <2 (3.20)

Proof of Theorem 3.10. In the neighborhood of any point there exists a local
coordinate system in which oy = |af; thus, we actually have to prove the

decay estimate for an expression of the form (3.18). Since both the plus and
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the minus term that add up to a; behave similarly, we shall only compute
the former,

astti) = [entesst (L £) 0 )ae
R3

|z

As in the previous proof, let us rewrite the integral in polar coordinates and

integrate by parts. Let us write |z| = 7, 77 = €1 and make the change of

variables € — (p,€), € — (&,w), where p = [¢] € [0,00), € = f—; € s%

§—&ier
(1+&)2
Theorem 3.7). In polar coordinates, the integral becomes

ay(t,z) = 7/1/627””(%1”) ((61 + é),]:.hr(f),v) p*dwdédp. (3.21)

0 -1 st

& =€e €[-1,1], and w = € S' (the same as in the proof of

Also, let us denote <(€1 + é),fh({),v) = G(§). Due to the fact that
H,(€)LE and vLe, this function has the property that G(£) = O(1 + &),

where & = é.el. To make this statement more precise, let us choose a

positively oriented orthonormal basis in which

£=&er+ (1— €)%,

v = egcosf + egsinf (because vLlep), and (3.22)

H,(€) = [He ()| (cosp(€) (1 —&2)V2e — &rea) +singp(€) e3)

(which expresses the fact that H,(£)L¢). We obtain by computing the func-
tion G that

G(¢) = \ﬁ+(§)]((1 + &1)(cos Osin p(€) + & sinf cos p(€)) + (1 — £2) sin b cos gp(&))

= (1+&)K(E),
(3.23)
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where we have denoted K (€) = |H, (£)|(cos 0 sin (&) + sin 6 cos ¢(¢)). Com-
£ —&e

ing back to formula (3.22) and looking at the definition of w as w = m,
— &1

we see that es = w. Since
€3 =€1 X ey =61 XWw
(where e is fixed) and

|H(€)|sing(€) = Hi(€).e5, |Hi(€)]cos p(€) = Hi(€).(€ x e3),

we have that K (€) is a function only of H,(¢) and € (it does not depend
directly on p, the other component of £). Therefore, for any k, [ we easily

find that
l . A
0k VK| < |0F VIH,, (3.24)
=1

where V stands for covariant differentiation on the sphere.
Integrating by parts in & in (3.21), we obtain

R 627rzp r&1+t)
/ / ——Gp*dwdp
2mipr
0

1

st G=-1
p2mip(ré1+t)
/ / / Smior —————— 0, Gp*dwdpds;.  (3.25)
‘10 &
When & = —1 the boundary term cancels because G = 0 and we have for

&1 =1 a boundary term of

% 627rip(r+t) o 2d
2 _— .
W/ Smipr (per)p™dp
0
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Integrating by parts twice in p we obtain that

i e27rz'p(7“—|—t)
2%/—.G(p61)p2dp§
2mipr

S (GO + / 0,Glpen)] + 026 (pen)ldn) . (320

r(r+t

Here by G(0) I have denoted limsup, ,G(pe1) (since we do not knoow
whether G is well-defined at 0). But

G0) 5 [ 10,Gpeldp 5 [ plo3G el
0 0

Therefore, it is sufficient to evaluate the last integral, which converges if the
initial data is sufficiently regular. Indeed, since G = (1 — &) K, using (3.24)

we obtain that 9°G < 8§ﬁ+. Then we have the following inequalities:

o0 o0 o0

/ pIV2Cdp S / PV Ndp 5 [ o secstonndn S
0

o0 /2 , F prHe 1/2
2+2¢ 343e€
(/ +p )||H+(p7 )||f'13‘"6 ,p))dp> (0/ p2+26 _I_p3+3€dp) ’S

S/ Hﬁ+HPI271+€(R3). (327>

Thus, we have proved that the boundary term for & = 1 in (3.25) decays
like r—3

Now let us look at the last term in (3.25). Let us consider separately
the cases when & belongs to the intervals [—1, 1] and [3,1]. On the second

interval we can apply the same kind of reasoning as above and conclude by
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partial integration in p that, for & € [%, 1], the integral

T e2riplré+)

0

decays like r=1(r&; +t)72 for sufficiently regular initial data, uniformly in &
(see (3.26), (3.33)). Then, since 0, G = (1+£2)~Y2VG and fll/z(l—l—ff)_lﬂd&l

converges, we obtain a decay rate of =3 for the overall integral

1
e2mip(réi+t)
/ / / 5o OaGpdwdpdty S / / rHréy + ) Pdwdp. (3.29)

1/2 0 st 1/2 st
as well.

We know that we can write G(§) = (1 + &) K (§), where K has the same
regularity properties as H, (see (3.23)). In terms of K the derivatives of G

are

0, 08G = VK (&) + (1 + &1)0,, 0FK (€) = VIK + (1+ &) (1 — &) PVHK
(3.30)

and

O ONG = 20, 05K (€) + (1 + )03, 0P K (€) =
> (1 —EHTV2UMIK + (14 6)(1 - )7IVH2K. (3.31)

On the interval [—1, 5], integrating again by parts in & in

T e2mip(réntt)

-1 0 st

N[
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we obtain

27rzp ré1+t) 27rzp r&1+t) l
/// —————0, Gpdwdpdé, = // -0, Gdwdp —
&1=-1

-1 0 st
e2mip(réi+t)
/ / / (2mir)? —5 5O, Gdwdpds, . (3.33)

The boundary term at 1/2 can be integrated again by parts, for a decay rate

=

of 7=3, while the one at —1 cancels.

We also see that
/ VK (pf)] + [V2K ()] + [VPK ()] + |V (o) | dp (3.34)

has a bound independent of é for sufficiently smooth initial data. For the

last term (the others are similar) this can be proved as follows:
[ IV EdIp < [ IV (o
0 0

S \!ﬁ+|!Loo<R3>+/Hm(p,-)llfrw(swedpi 12, ) (3-35)

for sufficiently large m and n. Therefore, in the last term of (3.33) we can

integrate by parts in p outside the interval {& : |r& + ¢| < 1} and obtain
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that

! s
///WW&%gmm%:

_1031

e2mip (ré&1+t) 82 o 627Tip(r§1+t) 82 5. dud
/ / omi(réy + ) S (2mi)2(r& 1) P ) Wty

27rzp7'§1+t 5 o
0z 0:Gdwdpd
/ // 2mi)2(r&y + )2 P wpdert

|r£1+t\>1

o0

+
p=0

|r£1+t|>1

- ‘/ /&mwmﬁpwm@.@%)

[—1,3]n{|r&1+t[<1} S
However, for p = 0 we have that G(p,-) = G(0), so 97 G(0,-) = 0 (even
though we cannot say the same thing about 9,G). For all the other terms,
the integrand in &; is equal to (1—¢&2)~'/2 times a function bounded uniformly
in & (by the previous estimates involving K). Then the expression above is

seen to be comparable to

N

/ (1= &) e, + 1] 2des + / (1- &) de. (3.37)

-1 1.1 <
|’I“61+t|>1 [ 1,2]ﬁ{|r§1+t|_1}

The second term is clearly at most r~'/2 (because we are integrating
something like 27'/2 on an interval of length r~!) and the first term can be
shown by computations to have an order of r—*.

Therefore, 1 have proved that the last term in (3.33) decays like r=°/2,

which completes the proof of the theorem. O
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Observation 3.11. The same method can be applied in order to derive the

decay rates of the components of the spin-2 field.

Observation 3.12. The problem of interior decay is entirely similar to the
scalar case. Thus, we note that there is no need for any new statement
concerning interior decay, since the problem falls under the conditions of

Theorem 3.5.

3.2 Conformal Compactification Method

The following statement can be found (together with its proof) in [3, p. 162]
and [3, p. 183].

Theorem 3.13. Consider a conformal transformation on the manifold, g =
O2g, for some positive smooth function Q. If F satisfies equation (1.26)
in the original coordinates, then F satisfies the same equation in the new
coordinates. If W satisfies equation (1.27) in the original coordinates, then

QYW satisfies the equation in the new coordinates.

Lemma 3.14. ([1, p. 497], [8]) The Minkowski space R** with the metric
g is conformal to a subset of the Einstein cylinder ¥, = R x S, of metric 9,

under the conformal transformation
g =, (3.38)

where O* = 4(1+ (r + t)2)_1(1 + (r — t)z)_l. The metric g is the natural

metric of the cylinder.
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If we represent points in 34 by the standard coordinates (T, o, 0, @), then

the image of R**! is represented by the set

0<a<m0<O0<m0<¢<2m

(3.39)
a—m<T<7m—0.
The coordinate change is given by
x! = rsinfsin ¢, 2% = rsinf cos ¢, x> = rcos
xoz%(tan%—l—tan%)ﬁ:%(tan%—tan%). (3-40)
In the new coordinates, () is
0? = (cosa + cos T)?. (3.41)

Theorem 3.15. If « is a p-covariant tensor field defined on R3, then QFa €

H*(S?) under the condition that o« € Hy sy9, 3-2k-

Theorem 3.16. A solution of the linear homogenous hyperbolic equation on
Yy with initial data (u(0),u(0)) € Hgo(S?) X Hs_10(S*) belongs to Es(X4),

where
2 - k 2 1/2
E(80) = {f € LE0)|sup (Y105 o) <00} (3.42)
k=1

Here S; = ,N{(T,w)|T = 7} = {7} xS* and all the norms are evaluated
using the metric induced on S; by the metric g of 34, which is the natural

metric of the sphere.

Theorem 3.17. The following imbedding holds:
E3/2+6(24> C Cb(24)7 (343)
where Cy, 1s the set of bounded continuous functions.
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Theorem 3.18. The null coordinate vectors (E., E_, e, ey) are transformed
by the conformal mapping in the following manner:
ea=(1+(t+ 7‘)2)_1/2(1 + (t — 7“)2)_1/2§A

1

. B (3.44)
e3=(1+(t—7)%) e ea=(1+(t+7)°) e,

where e, form an orthonormal basis for Tp(X4).

Theorem 3.19. Consider the equation (1.26), with initial data F |;—¢€

Hy3(R3). Then the null components of F' have the following decay rates:

aS(+@t+m) P4+ —r2)
(p,0) S (L4 (t+1)2) (14 (t—r)2)~" (3.45)
oS (T4 (t+r)2) P+t —r) 2

Also, if we consider a solution W of equation (1.26), for initial data W |;—¢€
Hyo(R?), we obtain

aS(+t+r2) P+ @—r2)~"
BS U+ t+r2) " (+ (-2~
(0,0) S (14 (t+r)2) (14t —r)2) 2 (3.46)
B (14 @+rD) "+ =)
oS (T4 t+m)2) P+t —r2) 2

The computation is straightforward, considering the fact that F and

QW are bounded in the ¥4 metric.

Observation 3.20. In both cases, the conditions imposed on the initial data
can be lowered by almost 1/2, i. e. F |;—o€ Hjpie3(R?) and W |,—o€
H3/2+679(R3). In order to make sense of such conditions, one may use the

Fourier transform.
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Observation 3.21. By the same method, one can obtain estimates for the
derivatives of the tensors, because if F' |,—o€ Hay34(R?) it follows that F €

FEyyi(34) C CL(2y), from which we can obtain estimates for the derivatives.
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