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Abstract

This paper considers the decay rates of electromagnetic and spin-2 fields in

Minkowski space. Each of the three main methods used for studying hyper-

bolic equations in Minkowski space — namely, the stationary phase method,

the conformal compactification method, and the commuting vector fields

method — is examined in turn and applied to the two particular equations

under consideration.

The main part of the paper consists in rederiving the decay rates of

solutions to the field equations (in particular to the Maxwell equations), by

means of the stationary phase method and of the conformal compactification

method.
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Chapter 1

Introduction

We shall use the notation a . b whenever there exists a constant C such that

|a| ≤ C|b|.

1.1 General Notions

Consider an orientable Riemannian manifold M of dimension m, on which

we select a volume form ε. The inner product 〈·, ·〉 on TPM can be extended

to an inner product on the space of tensors defined at the point P , denoted

with the same symbol.

Definition 1.1. The Hodge star operator is the linear operator that assigns

to each tensor α ∈ Λp
P (M) another tensor ∗α ∈ Λm−p

P (M) such that (see [11,

p. 87])

〈∗α, β〉 = 〈α ∧ β, εP 〉. (1.1)

In local coordinates one has, for

α = αµ1...µpdx
µ1 ⊗ . . .⊗ dxµp ,

1



that

∗αµ1...µm−p =
(−1)p(m−p)

p!
εµ1...µmα

µm−p+1...µm . (1.2)

Property 1.2. For a pseudo-Riemannian manifold M of dimension m whose

metric has s minus signs and for ω ∈ Λp(M)

∗ ∗ α = (−1)p(m−p)+sα. (1.3)

Consider the exterior differential d and let us also define (see [11, p. 88]),

for the pseudo-Riemannian manifold M of dimension m whose metric has s

minus signs and for ω ∈ Λp(M),

Definition 1.3.

δω = (−1)mp+m+s+1 ∗ d ∗ ω. (1.4)

The most important property of this operator is that

Property 1.4. Denote by 〈α, β〉 the inner product on Λp(M)

〈α, β〉 =

∫
α ∧ ∗β =

∫
〈α, β〉σ. (1.5)

Then (assuming the integrals are finite)

〈dα, β〉 = 〈α, δβ〉. (1.6)

We define the Laplacian on a pseudo-Riemannian manifold with a positive

definite metric, such as Rd, by

∆ = dδ + δd. (1.7)

On Minkowski space we shall use � in order to denote the same notion.
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Definition 1.5. The space D(Rd) is the space of smooth functions of com-

pact support in Rd.

Let us introduce the weighted Sobolev spaces, of which we will make use

throughout the remainder of this paper, as follows:

Definition 1.6. Hn,m(Rd) is the completion of D(Rd) under the norm

‖f‖2
Hn,m =

∫
Rd

n∑
k=1

(1 + |x|2(k+m))|∇kf(x)|2dx. (1.8)

Here n is an integer and m is any real number.

1.2 Notions Specific to Minkowski Space

Definition 1.7. The Minkowski space, denoted R3+1, is the set

R3+1 = {x = (x0, x̄)|x0 ∈ R, x̄ ∈ R3}. (1.9)

It is a pseudo-Riemannian manifold, endowed with the inner product of sig-

nature (1,−1,−1,−1) on Tp(R3+1)

〈ξ, η〉 = ξ0η0 − 〈ξ̄, η̄〉R3 . (1.10)

The first coordinate x0 is also denoted by t (meaning time) and another

usual notation is |x̄| = r. It is also customary to use Greek letters for naming

any of the four coordinates and to use Roman letters in order to denote the

spatial coordinates only.

The vector fields defined as Tµ = ∂xµ = fµ (the coordinate unit vectors)

at each point form a frame for T (R3+1), which can therefore be identified,

linearly, with the trivial vector bundle R3+1 × R4.
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Definition 1.8.

St,r = {x ∈ R3+1|x0 = t, |x̄| = r}. (1.11)

Theorem 1.9. Consider a tensor α ∈ Λp(R3+1). Then �α = 0 if and only

if dα = 0 and δα = 0.

Proof of Theorem 1.9. We note that

〈�α, β〉 = 〈δdα, β〉+ 〈dδα, β〉 = 〈dα, dβ〉+ 〈δα, δβ〉. (1.12)

Thus, if dα and δα are 0, it follows that �α = 0. Conversely, if �α = 0, we

see that 〈dα, dβ〉+〈δα, δβ〉 = 0 for any β ∈ Λp
c(R3+1). However, by Poincaré’s

Lemma, for any γ1 ∈ Λp+1
c (R3+1) and γ2 ∈ Λp−1

c (R3+1) there exists a unique

β of compact support such that δβ = γ1 and dβ = γ2. It follows that dα = 0,

δα = 0.

1.3 The Newman-Penrose Formalism

The Newman-Penrose formalism, such as it was introduced in [7], consists in

defining a spin structure on the space-time (see [9], whose exposition I am

going to follow) and expressing the gravitational tensor as a 2-spinor.

On the Minkowski space R3+1, consider a 2-dimensional complex vector

bundle V , on which a symplectic product (·, ·) is defined. In local coordi-

nates, for any given basis (v1, v2), the symplectic product is expressed as an

antisymmetric, nondegenerate 2 × 2 matrix: (vA, vB) = εAB. One can also

choose a basis for which ε takes the form

ε =

 0 1

−1 0

 (1.13)
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on a neighborhood of any given point in R3+1, the base of V .

The conjugate bundle V is a symplectic bundle with the product ε (in

local coordinates). The symplectic product on V also induces one on the

dual vector bundle V ∗, namely εAB (the inverse of ε), and one on V
∗
, εAB.

For a basis (vA) on V , let us denote by (vA′), (vA), and (vA′) the bases

corresponding to it on V , V ∗, and V
∗

respectively.

Definition 1.10. The tensor product of any number of copies of V , V , V ∗,

and V
∗

is called a spinor bundle and its sections are named spinors.

The symplectic product on V induces on any spinor bundle either a sym-

metric or an antisymmetric product, depending on the bundle’s dimension.

In particular, let us consider the spinor bundle W ⊂ V ⊗ V of Hermitian

spinors, that is of those spinors w for which wAB′ = wBA′ .

Theorem 1.11. Assume that the spinor bundle V over R3+1 is the trivial

vector bundle R3+1 × C2 with the symplectic product given at every point by

ε (see above). Then, there exists an isometry σ between the tangent space

T (R3+1) and W given at each point by

σ(f0) =
1√
2
(v0 ⊗ v0′ + v1 ⊗ v1′), σ(f1) =

1√
2
(v0 ⊗ v0′ − v1 ⊗ v1′),

σ(f2) =
1√
2
(v0 ⊗ v1′ + v1 ⊗ v0′), σ(f3) =

1√
2
(iv0 ⊗ v1′ − iv1 ⊗ e0′). (1.14)

Proof. Clearly (fµ) form a basis for Tp(R3+1) and the spinors enumerated

above form a basis for Wp, so this is a well-defined linear isomorphism. It

can also be checked that it preserves the dot product, for example( 1√
2
(v0 ⊗ v0′ + v1 ⊗ v1′),

1√
2
(v0 ⊗ v0′ + v1 ⊗ v1′)

)
= 1 = 〈e0, e0〉. (1.15)
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On the basis of this isomorphism, one obtains a new frame for the com-

plexification of the tangent space of R3+1, T (R3+1) ⊗R C, given by Xµ =

eµ = σ−1(vA ⊗ vB′) at each point. Since all the vectors eµ = σ−1(vA ⊗ vB′)

are null (they have the property that 〈eµ, eµ〉 = 0), this frame is called the

null frame. However, we want to avoid the presence of vectors with complex

coordinates, so let us redefine the notion as follows:

Definition 1.12. A null frame is one consisting of four vectors (E+, E−, e3, e4)

at each point where it is defined, such that (E+, E−) is an orthonormal basis

for the tangent space to the 2-sphere Sr,t going through that point, while

e3 = ∂
∂t
− ∂

∂r
and e4 = ∂

∂t
+ ∂

∂r
.

We also require that ε(E+, E−, e3, e4) = 2, where ε is the volume form of

the Minkowski space.

One can extend the isomorphism between T (R3+1) and W to tensors of

higher rank, both contravariant and covariant. For example, we see that

Λ1(R3+1) ∼= W ∗.

Definition 1.13. A spin-2 tensor field is one that can be represented as

W = σ−1(ψ ⊗ ψ), where ψ is a 4-spinor, ψ ∈ V ∗ ⊗ V ∗ ⊗ V ∗ ⊗ V ∗, and is

symmetric in all indices.

Theorem 1.14. A 4-covariant tensor field is a spin-2 tensor field if and only
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if it possesses the following symmetries:

Wαβγδ = −Wβαγδ = −Wαβδγ

W[αβγ]δ = 0 (the Bianchi identities)

Wαβγδ = Wγδαβ

Wα
βαδ = 0.

(1.16)

The interior derivative of an antisymmetric 2-covariant tensor field is the

1-form given by

iXF (Y ) = F (Y,X). (1.17)

The corresponding notion for spin-2 tensors is

i(X1,X2)W (Y1, Y2) = W (Y1, X1, Y2, X2). (1.18)

Definition 1.15. The null decomposition of a tensor field is its decomposi-

tion into components using the null coordinate frame. More precisely, when

F is a 2-covariant antisymmetric form, F ∈ Λ2(R3+1), we obtain from its

decomposition the 1-forms α and α tangent to the 2-spheres Sr,t and the

scalar quantities ρ and σ, where

α(X) = ie3F (X) = F (X, e3)

α(X) = ie4F (X) = F (X, e4)

ρ = 1
2
F (e3, e4)

σ = F (eA, eB).

(1.19)

Since eA ∧ eB is the area element of the 2-sphere Sr,t, the definition of ρ

is coordinate-independent. Similarly, we define for a spin-2 tensor W the
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following quantities:

α(X, Y ) = i(e3,e3)W (X, Y ) = W (X, e3, Y, e3)

α(X, Y ) = i(e4,e4)W (X, Y ) = W (X, e4, Y, e4)

β(X) = 1
2
W (X, e3, e3, e4)

β(X) = 1
2
W (X, e4, e3, e4)

ρ = 1
4
W (e3, e4, e3, e4)

σ = 1
4
W (eA, eB, e3, e4).

(1.20)

One can easily show that the totality of these components uniquely de-

termines the tensor from which they were obtained.

Another useful way of writing the tensors is by means of their electric

and magnetic parts, E and H. Namely, consider the vector field T0 = e0. We

can define, for an antisymmetric 2-covariant tensor field F ,

E = iT0F = F (·, T0), H = iT0

∗F. (1.21)

Here E and H are 1-forms tangent to the hyperplanes (t constant). Similarly,

for a spin-2 field W , one can define the symmetric 2-forms E and H

E = i(T0,T0)W, H = i(T0,T0)
∗W. (1.22)

Observation 1.16. We consider W to be a 2-covariant antisymmetric tensor

with values in the set of alternating 2-forms and accordingly we define ∗W

in the above expression by

∗Wαβγδ = εαβµνW
µν

γδ. (1.23)

Under this interpretation, E and H can also be seen as 1-forms with values

in the space of 1-forms.

8



Observation 1.17. We can express the null components of the tensors F and

W as a function of E and H as follows (see [3, p. 152, 171]): for F

αA = EA − εBAHB

αA = EA + εBAHB

ρ = −EN , σ = −HN ,

(1.24)

where εAB is the area form of the 2-sphere St,r and N =
xi

r
∂xi

. For the spin-2

field W we have

αAB = 2(EAB − εCAHCB) + ρδAB − σεAB

αAB = 2(EAB + εCAHCB) + ρδAB + σεAB

β
A

= EAN − εBAHBN

βA = EAN + εBAHBN

ρ = ENN , σ = HNN .

(1.25)

1.4 The Field Equations

The equations that we intend to study are

�F = 0, (1.26)

where F is an antisymmetric 2-covariant tensor field, and

∇[αWβγ]δε = 0 (1.27)

for a spin-2 tensor field, with initial values given on the hyperplane t = 0

(F |t=0 or W |t=0 is known).

By Theorem 1.9, (1.26) is equivalent to saying that dF = 0 and d∗F = 0.

Furthermore, instead of considering W to be a 4-tensor, let us take it to be
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a 2-covariant antisymmetric tensor with values in the set of alternating 2-

forms. Then, equation (1.27) is just dW = 0 and we also have that δW = 0

(see [3] for the proof).

Theorem 1.18. Equation dF = 0 can be rewritten as either

∇[µFνλ] = 0 or ∇µ ∗ Fµν = 0. (1.28)

Similarly, equation d ∗ F = 0 is the same as either

∇[µ ∗ Fνλ] = 0 or ∇µFµν = 0. (1.29)

Proof of Theorem 1.18. The first statement is trivial, the second follows from

the fact that

0 = ∇µ ∗ Fµν = ∇µ(εµ αβ
ν Fαβ) = εµ αβ

ν ∇µFαβ. (1.30)

Now, the last two statements are a consequence of the fact that ∗ ∗ F =

−F .

Theorem 1.19. Equation dW = 0 is equivalent to either of the following

four systems of equations:

∇[αWβγ]δε = 0 (1.31)

∇α ∗Wαβγδ = 0 (1.32)

∇[α ∗Wβγ]δε = 0 (1.33)

∇αWαβγδ = 0. (1.34)
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Proof of theorem 1.19. The equivalence of the first two statements to dW =

0 follows from Theorem 1.18. However, the tensors W and ∗W , as spin-

2 tensors, have additional symmetries that allow us to prove the last two

statements as well. Contracting α and δ in (1.31) we obtain (1.34), which is

equivalent to (1.33) by the previous theorem.

Theorem 1.20. In terms of the electric and magnetic components, equations

(1.26), (1.27) can be written as

∇.E = 0, ∇.H = 0

∂tE = ∇×H, ∂tH = −∇× E,
(1.35)

where

∇.α = ∇jαj, (∇× α)i = ε jk
i ∇jαk (1.36)

for 1-forms and

(∇.α)i = ∇jαji, (∇× α)il = ε jk
i ∇jαkl (1.37)

in the case of 2-forms (which is the same as the previous definition, if we

consider α to be a 1-form with values in the space of 1-forms).

Observation 1.21. Both in the case of antisymmetric 2-covariant tensors and

in that of spin-2 tensors, the time derivatives of the tensor at t = 0 need not

be given explicitly, since they can be computed by knowing the value of the

tensor at the origin.

Indeed, in the first case the equation can be rewritten in local coordinates

as

∇[λFµν] = 0, ∇µFµν = 0, (1.38)
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where [λµν] stands for the sum of all cyclical permutations (λ, µ, ν), (µ, ν, λ),

and (ν, λ, µ). Thus, all the time derivatives of the tensor can be expressed

in terms of the spatial derivatives, for example ∂tF10 = ∇0F01 = −(∇2F21 +

∇3F31 +∇4F41).

In the second case we can rewrite the equation as

∇[αWβγ]δε = 0 (1.39)

and we can express the time derivatives of W as a function of the other

derivatives, in a similar manner.
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Chapter 2

Survey of Known Results

The decay rate of solutions to the two equations (1.26) and (1.27) has been

studied extensively, the reference works being [3] and [1].

2.1 Stationary Phase Method

The classical way of treating hyperbolic equations is to apply the stationary

phase method to the solution written explicitly with the help of the funda-

mental solution. It is represented by papers such as [10]. There, the author

proves that for the scalar equation

�u = 0 (2.1)

with initial data u |t=0∈ W bn/2c+1,1, ∂tu |t=0∈ W bn/2c,1, the solution has a

decay rate

u . (1 + t+ r)(n−1)/2. (2.2)

However, as far as I know, this method has not been applied in order to

obtain the improved estimates that are attainable for tensors.
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2.2 The Conformal Compactification Method

In their paper [1], the authors took a new approach to the study of this

problem. Namely, they applied the conformal compactification method in-

troduced by Penrose [8] in order to prove the existence of global solutions

to field equations in Minkowski space and related spaces, obtaining their

asymptotic decay rates as a side result. More precisely, for the Yang-Mills

equation in the Minkowski space R3+1,

∇̂λF
λν,α = Jµ,α (2.3)

Jµ,α = iΨγµSaΨ + (Φ̃T̃ a∇̂µΦ̃ + ∇̂µΦ̃TαΦ) (2.4)

/̂∇Ψ = H(Φ,Ψ), �̂Φ = K(Φ,Ψ) (2.5)

the authors obtained the following decay rates (see [1, p. 501]):

(Φ̃Φ)1/2 .
(
1 + (t+ r)2)−1/2

(
1 + (t− r)2)−1/2,

(ΨγλnλΨ)1/2 .
(
1 + (t+ r)2

)−3/4(
1 + (t− r)2

)−5/4
,

F4A .
(
1 + (t+ r)2

)−3/2(
1 + (t− r)2

)−1/2
,

(FAB, F43) .
(
1 + (t+ r)2

)−1(
1 + (t− r)2

)−1
,

F3A .
(
1 + (t+ r)2

)−1/2(
1 + (t− r)2

)−3/2
.

(2.6)

Christodoulou used again the same method in [2], in order to prove the

existence of solutions to the quasilinear system of hyperbolic equations

�u = f(u, ∂u, ∂2u), (2.7)

where u = (u1, . . . , uN), fA(u, v, w) = αµν(u, v)wA
µν +βA(u, v), and in dimen-

sion 3 f is also required to satisfy the null condition. Under these assump-

tions, together with conditions on the initial data

u
∣∣
t=0

∈ H(d+1)/2+2,(d+1)/2+1(Rd), ∂tu
∣∣
t=0

∈ H(d+1)/2+1,(d+1)/2+2(Rd), (2.8)
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u was shown to have the property that

u(t, x) .
(
1 + (t+ r)2

)−(d−1)/4(
1 + (t− r)2

)−(d−1)/4
. (2.9)

2.3 The Commuting Vector Fields Method

In [5] the commuting vector fields method is introduced for the first time. This

method allows one to obtain results similar to those in [2] under fewer as-

sumptions for the initial data (and can be applied to a more general category

of spaces as well). Namely, in his papers [5] and [6], Professor Klainerman

proved that, if u is a solution of the homogeneous hyperbolic equation

�u = 0 (2.10)

with

u
∣∣
t=0

∈ Hs,1(Rd), ∂tu
∣∣
t=0

∈ Hs−1,1(Rd), (2.11)

where s > n/2 (in particular s ≥ dn/2e, since s is an integer), then (see

Corollary 1, p. 133, in [6])

u(t, x) .
(
1 + (t+ r)2

)−(d−1)/4(
1 + (t− r)2

)−1/4
. (2.12)

In their subsequent paper [3], Professors Klainerman and Christodoulou

proved a better result concerning electromagnetic and spin-2 fields. Under

the condition that

F
∣∣
t=0

∈ Hk,1, (2.13)

where F is a 2-covariant antisymmetric tensor field satisfying the electro-

magnetic field equation

dF = 0, d∗F = 0, (2.14)
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they proved that its components in the null frame satisfy the estimates

∇m
3 ∇n

4 6∇lα(t, x) . r−1−n−lτ
−3/2−m
− ‖F (0)‖Hm+n+l+2,1(R3), (2.15)

∇m
3 ∇n

4 6∇l(ρ, σ)(t, x) . r−2−n−lτ
−1/2−m
− ‖F (0)‖Hm+n+l+2,1(R3), (2.16)

∇n
4 6∇lα(t, x) . r−5/2−n−l‖F (0)‖Hm+n+l+2,1(R3), and (2.17)

∇m+1
3 ∇n

4 6∇lα(t, x) . r−3−n−lτ
−1/2−m
− ‖F (0)‖Hm+n+l+3,1(R3), (2.18)

on the set where r > 1 + t/2, where τ− =
(
1 + (t− r)2

)1/2
, and the interior

decay estimate

∇lF (t, x) . t−5/2−l‖F (0)‖Hl+2,1(R3) (2.19)

in the region r ≤ 1 + 1/2. The rate of decay for α is no better than the one

that can be obtained simply by knowing the fact the components of F satisfy

the scalar hyperbolic equation �Fµν = 0, but the other results represent a

new phenomenon, different from the scalar case.

Similarly, for the 2-spin tensor W ,

∇m
3 ∇n

4 6∇lα(t, x) . r−1−n−lτ
−5/2−m
− ‖W (0)‖Hm+n+l+2,2(R3), (2.20)

∇m
3 ∇n

4 6∇lβ(t, x) . r−2−n−lτ
−3/2−m
− ‖W (0)‖Hm+n+l+2,2(R3), (2.21)

∇m
3 ∇n

4 6∇l(ρ, σ)(t, x) . r−3−n−lτ
−1/2−m
− ‖W (0)‖Hm+n+l+2,2(R3), (2.22)

∇n
4 6∇l(β, α)(t, x) . r−7/2−n−l‖F (0)‖Hm+n+l+2,2(R3), (2.23)

∇m+1
3 ∇n

4 6∇lβ(t, x) . r−4−n−lτ
−1/2−m
− ‖W (0)‖Hm+n+l+3,2(R3), (2.24)

∇3∇n
4 6∇lα(t, x) . r−9/2−n−l‖W (0)‖Hm+n+l+3,2(R3), and (2.25)

∇m+2
3 ∇n

4 6∇lα(t, x) . r−5−n−lτ
−1/2−m
− ‖W (0)‖Hm+n+l+4,2(R3). (2.26)

One can also obtain an interior decay estimate of the form

∇lW (t, x) . t−7/2−l‖W (0)‖Hl+2,2(R3). (2.27)
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In the course of this paper all the three methods will be employed in order

to obtain various results concerning the decay rates of electromagnetic and

spin-2 fields (equations (1.26) and (1.27)).
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Chapter 3

Main Results

We are going to apply all the three methods separately, in order to obtain

the corresponding decay results.

3.1 Stationary Phase Method

We are interested, to begin with, in the asymptotic behavior of the scalar

solutions of hyperbolic equations in Rd+1.

Lemma 3.1. The Fourier transform of the space Hn,m, when both n and m

are non-negative integers, is

Ĥn,m(Rd) =

{
f ∈ L2(Rd)|

‖f‖Ĥn,m(Rd) =

(∫
Rd

n+m∑
k=0

|∇kf |2(|x|2min(0,k−m) + |x|2n)dx

)1/2

<∞
}

(3.1)

Lemma 3.2. Consider a solution of the hyperbolic equation �F = 0, repre-
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sented in the form

F (t, x) =

∫
R3

e2πi(x.ξ+t|ξ|)F̂+(ξ)dξ +

∫
R3

e2πi(x.ξ−t|ξ|)F̂−(ξ)dξ. (3.2)

Then this representation is unique.

Proof. Indeed, consider two different representations of F given by the pairs

of functions (F̂1+, F̂1−) and (F̂2+, F̂2−). By considering equation (3.2) and its

derivative with respect to t at t = 0, we obtain that

F̂1+(ξ) + F̂1−(ξ) = F̂2+(ξ) + F̂2−(ξ)

and

|ξ|(F̂1+(ξ)− F̂1−(ξ)) = |ξ|(F̂2+(ξ)− F̂2−(ξ))

for any ξ, whence the conclusion follows (for almost every ξ).

Consider a covariant antisymmetric 2-tensor F , which is a solution of the

wave equation (1.26), and whose electric and magnetic parts are E, respec-

tively H.

Lemma 3.3. Assume the the electric and the magnetic parts of F are rep-

resented by

E(t, x) =

∫
R3

e2πi(x.ξ+t|ξ|)Ê+(ξ)dξ +

∫
R3

e2πi(x.ξ−t|ξ|)Ê−(ξ)dξ (3.3)

and similarly for H. Then we have

Ê±(ξ).ξ = 0, Ĥ±(ξ).ξ = 0, (3.4)

E+(ξ) =
ξ

|ξ|
×H+(ξ), E−(ξ) = − ξ

|ξ|
×H−(ξ). (3.5)

and if E |t=0 and H |t=0 both belong to Hn,m(R3), then Ê±, Ĥ± ∈ Ĥn,m(R3).
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Proof of Lemma 3.3. Let us replace E and H with their explicit represen-

tations (3.3) in the Maxwell equations (1.35). We obtain that the pairs

(ξ.Ê+, ξ.Ê−) and (0, 0) represent the same functions (the left and the right

hand of the equation∇.E = 0), so one of the conclusions of the lemma follows

(and the same for H±). Then, the pairs (|ξ|Ê+,−|ξ|Ê−) and (ξ×Ĥ+, ξ×Ĥ−)

also represent the same function (∂tE and ∇×H, the left and right side of

the other Maxwell’s equation), so they concide.

Finally, when E |t=0 and H |t=0 are in Hn,m(R3), we see that ∂tE |t=0=

∇×H |t=0 and ∂tH |t=0= ∇×E |t=0. Hence we infer that (due to the unicity

of the representation)

Ê+ =
1

2

(
Ê(0, ·) +

1

|ξ|
̂∂tE(0, ·)

)
=

=
1

2

(
Ê(0, ·) +

ξ

|ξ|
× Ĥ(0, ·)

)
∈ Ĥn,m(R3) (3.6)

The same applies to E− and to H±, so the proof is complete.

Observation 3.4. The same representation can be obtained for the compo-

nents of a spin-2 field W , if we define the dot product and the cross product

as follows:

(v.E)j = viEij, (v × E)ij = ε l
ik v

kElj. (3.7)

Let us denote |x| = r, x̂ = x/r and |ξ| = ρ, ξ̂ = ξ/ρ. Following a change

of variables, we can assume that x̂ = e1.

Theorem 3.5 (Interior Decay). Assume f ∈ Hd,1(Rd). Then, for r =

|x| < 1
2
t,

F (t, x) =

∫
Rd

e2πi(x.ξ+t|ξ|)f̂(ξ)dξ . t−d. (3.8)
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Proof of Theorem 3.5. Rewriting the integral in polar coordinates, we get

F (t, x) =

∞∫
0

∫
Sd−1

e2πiρ(rξ̂.e1+t)f̂(ρξ̂)ρd−1dξ̂dρ. (3.9)

Integrating by parts d times, we obtain

F (t, x) = (−1)d−1

∫
Sd−1

1

(2πi(rξ̂.e1 + t))d
f̂(0)dξ̂+

+ (−1)d

∞∫
0

∫
Sd−1

e2πiρ(rξ̂.e1+t)

(2πi(rξ̂.e1 + t))d
∂d

ρ(f̂(ρξ̂)ρd−1)dξ̂dρ .

.
1

td

(
‖f‖L1(Rd) +

∑
k<d/2

∫
B(0,1)

|∇d−kf̂ ||ξ|−kdξ+

+
d∑

k≥d/2

‖∇d−kf̂‖L∞(Rd) +
d−1∑
k=0

∞∫
1

∫
Sd−1

|∇d−kf̂(ρξ̂)|ρd−1−kdξ̂dρ

)
.

.
1

td

(∥∥(1 + |x|(d+1)/2)f
∥∥

L2(Rd)

(∫
Rd

1

(1 + |x|(d+1)/2)2
dx
)1/2

+

+
∑

k<d/2

‖∇d−kf̂‖L2(Rd)

( ∫
B(0,1)

|ξ|−2kdξ
)1/2

+

+
d∑

k≥d/2

∥∥(1 + |x|d+1)f
∥∥

L2(Rd)

( ∫
B(0,1)

|x|2(d−k)

(1 + |x|d+1)2
dx
)1/2

+

+
d−1∑
k=0

(∫
Rd

|∇n−kf̂ |2|ξ|2ddξ
)1/2( ∫

|ξ|>1

|ξ|−2(d+k)dξ
)1/2

)
.

.
1

td
‖f‖Hs,m(Rd). (3.10)

Observation 3.6. The condition on f can be reduced to f ∈ Hn,1(Rd), with
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n > d/2, in which case

F . t−n. (3.11)

Theorem 3.7. If Ê is a vector field on R3, such that Ê(ξ).ξ = 0 for any ξ

and Ê ∈ Ĥ2,1(R3), then the following is true:

F (t, x) = N.

∫
R3

e2πi(x.ξ+t|ξ|)Ê(ξ)dξ . r−2, (3.12)

where N is the unit vector normal to the 2-spheres St,r in the hyperplane of

constant t, N = xi

r
∂xi

= x
r
.

Proof of Theorem 3.7. We note that ∇ξe
2πi(x.ξ+t|ξ|) = 2πie2πi(x.ξ+t|ξ|)(x+t ξ

|ξ|).

Thus,

e2πi(x.ξ+t|ξ|)N.Ê(ξ) =
1

2πir

(
∇ξ(e

2πi(x.ξ+t|ξ|)).Ê(ξ)−2πie2πi(x.ξ+t|ξ|)t
ξ

|ξ|
.Ê(ξ)

)
=

=
1

2πir
∇ξ(e

2πi(x.ξ+t|ξ|)).Ê(ξ),

using the fact that Ê(ξ).ξ = 0. Integrating by parts, we obtain that

F (t, x) = − 1

2πir

∫
R3

e2πi(xξ+t|ξ|)∇.Ê(ξ)dξ. (3.13)

What follows is a standard argument. We can assume that x is parallel to

e1, one of the coordinate vectors. Let us redenote − 1
2πi
∇.Ê(ξ) by G. We

have that G ∈ Ĥ2,0(R3), because G is the Fourier transform of x.E(x). Let

us make the changes of variable (to polar coordinates) ξ 7→ (ρ, ξ̂), where

ρ = |ξ|, ξ̂ =
ξ

|ξ|
and ξ̂ 7→ (ξ1, ω), where ξ1 = ξ.e1 and ω =

ξ̂ − ξ1e1
(1− ξ2

1)
1/2

. We

obtain

F (t, x) =
1

r

1∫
−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)Gρ2dωdρdξ1. (3.14)
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Integrating again by parts in ξ1 we get

F (t, x) =
1

r

( ∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πiρr
Gρ2dωdρ

∣∣∣∣1
ξ1=−1

−

1∫
−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πiρr
∂ξ1Gρ

2dωdρdξ1

)
. (3.15)

Hence we have obtained two powers of r and the remaining quantities under

the integral sign are bounded. Indeed, let us deal with each of them sepa-

rately. The boundary term for ξ1 = 1 becomes (since G(ρ, ω, 1) = G(ρ, e1) =

G(ρe1))

2π

∞∫
0

e2πiρ(r+t)

2πi
G(ρe1)ρdρ .

∞∫
0

‖G(ρ, ·)‖L∞(S2)ρdρ .

∞∫
0

‖G(ρ, ·)‖H1+ε(S2)ρdρ .

.

( ∞∫
0

‖G(ρ, ·)‖2
H1+ε(S2)(ρ

2 + ρ2−(2+2ε)+4)dρ

)1/2( ∞∫
0

ρ2

ρ2 + ρ4−2ε
dρ

)1/2

.

. ‖G‖Ĥ2,0(R3). (3.16)

The other boundary term, for ξ1 = −1, is entirely similar and the last term

in (3.15) is

1∫
−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πi
∂ξ1Gρdωdρdξ1 .

∞∫
0

∫
S2

|∇G|(1− ξ2
1)
−1/2ρdξdρ .

.

∞∫
0

‖∇G(ρ, ·)‖L2+ε(S2)ρdρ .

∞∫
0

‖G(ρ, ·)‖H1+ε(S2)ρdρ . ‖G‖Ĥ2,0(R3). (3.17)

Here, by ε we have denoted various small positive numbers. The last step

of (3.17) is exactly the same as the last step of (3.16). Thus, the proof is

complete.
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Corollary 3.8. If the initial data for equation (1.26) satisfies F |t=0∈ H2,1(R3),

then ρ . r−2 and σ . r−2 (where ρ and σ are the null components of F de-

fined by (1.24)).

Proof of Corollary 3.8. Indeed, we know by Lemma 3.3 that

ρ = −N.E = −N.
∫
R3

e2πi(x.ξ+t|ξ|)Ê+(ξ)dξ −N.

∫
R3

e2πi(x.ξ−t|ξ|)Ê−(ξ)dξ,

where ξ.Ê±(ξ) = 0. The result that ρ . r−2 follows directly from the previous

theorem and from the corresponding estimate for E−. By replacing E with

H, one obtains the result for σ.

Lemma 3.9. If α1 is a coordinate of α (one of the null components of an

electromagnetic tensor F , satisfying equation (1.26)), then there exists a vec-

tor v⊥x such that

α1(x, t) =

∫
R3

e2πi(xξ+t|ξ|)
(( x

|x|
+

ξ

|ξ|

)
, Ĥ+(ξ), v

)
dξ+

+

∫
R3

e2πi(xξ−t|ξ|)
(( x

|x|
− ξ

|ξ|

)
, Ĥ−(ξ), v

)
dξ. (3.18)

Proof of Lemma 3.9. Consider a negatively oriented orthonormal basis (e1, e2)

for Tx(St,r), such that ε12 = 1 (where ε is the area form of St,r). Indeed, here

the area form ε is the same one that appears in the formula (1.24), given by

ε(eA, eB) = 1
2
ε(eA, eB, e3, e4), with e3 = ∂t − ∂r, e4 = ∂t + ∂r (see [3, p. 152]).

Thus, it defines the negative orientation on the 2-sphere St,r. Clearly e1⊥x

and, because of the negative orientation, we have that e2 = − x
|x| × e1. Then,
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by formula (1.24),

α1 = E1 +H2 = e1.E −
( x
|x|

× e1

)
.H.

Using the representation given by Lemma 3.3 and the fact that Ê± = ± ξ
|ξ| ×

Ĥ± (proved in the same Lemma), we obtain that

α1 =

∫
R3

e2πi(x.ξ+t|ξ|)
(
e1.
( ξ
|ξ|

× Ĥ+(ξ)
)
−
( x
|x|

× e1

)
.Ĥ+(ξ)

)
dξ+

+

∫
R3

e2πi(x.ξ−t|ξ|)
(
− e1.

( ξ
|ξ|

× Ĥ−(ξ)
)
−
( x
|x|

× e1

)
.Ĥ−(ξ)

)
dξ. (3.19)

By rearranging the terms and denoting e1 by v, we see that we can rewrite

these expressions in the form in which they appear in (3.18). Thus, for

example,

e1.
( ξ
|ξ|

× Ĥ+(ξ)
)
−
( x
|x|

× e1

)
.Ĥ+(ξ) =

(( x
|x|

+
ξ

|ξ|

)
, Ĥ+(ξ), v

)
.

This completes the proof of the lemma.

Theorem 3.10. For a solution F of Maxwell’s field equations corresponding

to sufficiently smooth initial data,

α . r−5/2. (3.20)

Proof of Theorem 3.10. In the neighborhood of any point there exists a local

coordinate system in which α1 = |α|; thus, we actually have to prove the

decay estimate for an expression of the form (3.18). Since both the plus and
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the minus term that add up to α1 behave similarly, we shall only compute

the former,

α+(t, x) =

∫
R3

e2πi(xξ+t|ξ|)
(( x

|x|
+

ξ

|ξ|

)
, Ĥ+(ξ), v

)
dξ.

As in the previous proof, let us rewrite the integral in polar coordinates and

integrate by parts. Let us write |x| = r, x
|x| = e1 and make the change of

variables ξ 7→ (ρ, ξ̂), ξ̂ 7→ (ξ1, ω), where ρ = |ξ| ∈ [0,∞), ξ̂ =
ξ

ρ
∈ S2,

ξ1 = ξ.e1 ∈ [−1, 1], and ω =
ξ − ξ1e1

(1 + ξ2
1)

1/2
∈ S1 (the same as in the proof of

Theorem 3.7). In polar coordinates, the integral becomes

α+(t, x) =

∞∫
0

1∫
−1

∫
S1

e2πiρ(rξ1+t)

((
e1 + ξ̂

)
, Ĥ+(ξ), v

)
ρ2dωdξ1dρ. (3.21)

Also, let us denote

((
e1 + ξ̂

)
, Ĥ+(ξ), v

)
= G(ξ). Due to the fact that

Ĥ+(ξ)⊥ξ̂ and v⊥e1, this function has the property that G(ξ) = O(1 + ξ1),

where ξ1 = ξ̂.e1. To make this statement more precise, let us choose a

positively oriented orthonormal basis in which

ξ̂ = ξ1e1 + (1− ξ2
1)

1/2e2,

v = e2 cos θ + e3 sin θ (because v⊥e1), and

Ĥ+(ξ) = |Ĥ+(ξ)|
(
cosϕ(ξ)

(
(1− ξ2

1)
1/2e1 − ξ1e2

)
+ sinϕ(ξ) e3

) (3.22)

(which expresses the fact that Ĥ+(ξ)⊥ξ). We obtain by computing the func-

tion G that

G(ξ) = |Ĥ+(ξ)|
(
(1 + ξ1)(cos θ sinϕ(ξ) + ξ1 sin θ cosϕ(ξ)) + (1− ξ2

1) sin θ cosϕ(ξ)
)

= (1 + ξ1)K(ξ),

(3.23)
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where we have denoted K(ξ) = |Ĥ+(ξ)|(cos θ sinϕ(ξ) + sin θ cosϕ(ξ)). Com-

ing back to formula (3.22) and looking at the definition of ω as ω =
ξ̂ − ξ1e1

(1− ξ2
1)

1/2
,

we see that e2 = ω. Since

e3 = e1 × e2 = e1 × ω

(where e1 is fixed) and

|Ĥ+(ξ)| sinϕ(ξ) = Ĥ+(ξ).e3, |Ĥ+(ξ)| cosϕ(ξ) = Ĥ+(ξ).(ξ̂ × e3),

we have that K(ξ) is a function only of Ĥ+(ξ) and ξ̂ (it does not depend

directly on ρ, the other component of ξ). Therefore, for any k, l we easily

find that

|∂k
ρ 6∇lK| .

l∑
j=1

|∂k
ρ 6∇jĤ+|, (3.24)

where 6∇ stands for covariant differentiation on the sphere.

Integrating by parts in ξ1 in (3.21), we obtain

α+ =

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πiρr
Gρ2dωdρ

∣∣∣∣1
ξ1=−1

−

1∫
−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πiρr
∂ξ1Gρ

2dωdρdξ1. (3.25)

When ξ1 = −1 the boundary term cancels because G = 0 and we have for

ξ1 = 1 a boundary term of

2π

∞∫
0

e2πiρ(r+t)

2πiρr
G(ρe1)ρ

2dρ.
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Integrating by parts twice in ρ we obtain that

2π

∞∫
0

e2πiρ(r+t)

2πiρr
G(ρe1)ρ

2dρ .

.
1

r(r + t)2

(
G(0) +

∞∫
0

|∂ρG(ρe1)|+ ρ|∂2
ρG(ρe1)|dρ

)
. (3.26)

Here by G(0) I have denoted lim supρ→0G(ρe1) (since we do not knoow

whether G is well-defined at 0). But

G(0) .

∞∫
0

|∂ρG(ρe1)|dρ .

∞∫
0

ρ|∂2
ρG(ρe1)|dρ.

Therefore, it is sufficient to evaluate the last integral, which converges if the

initial data is sufficiently regular. Indeed, since G = (1− ξ1)K, using (3.24)

we obtain that ∂2
ρG . ∂2

ρĤ+. Then we have the following inequalities:

∞∫
0

ρ|∇2G|dρ .

∞∫
0

ρ|∇2Ĥ+|dρ .

∞∫
0

ρ1+ε‖Ĥ+(ρ, ·)‖H3+ε(S(0,ρ))dρ .

.

( ∞∫
0

(ρ2+2ε + ρ3+3ε)‖Ĥ+(ρ, ·)‖2
H3+ε(S(0,ρ))dρ

)1/2( ∞∫
0

ρ2+2ε

ρ2+2ε + ρ3+3ε
dρ

)1/2

.

. ‖Ĥ+‖Ĥ2,1+ε(R3). (3.27)

Thus, we have proved that the boundary term for ξ1 = 1 in (3.25) decays

like r−3.

Now let us look at the last term in (3.25). Let us consider separately

the cases when ξ1 belongs to the intervals [−1, 1
2
] and [1

2
, 1]. On the second

interval we can apply the same kind of reasoning as above and conclude by
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partial integration in ρ that, for ξ1 ∈ [1
2
, 1], the integral

∞∫
0

e2πiρ(rξ1+t)

2πir
∇Gρdρ (3.28)

decays like r−1(rξ1 + t)−2 for sufficiently regular initial data, uniformly in ξ1

(see (3.26), (3.33)). Then, since ∂ξ1G
∼= (1+ξ2

1)
−1/2∇G and

∫ 1

1/2
(1+ξ2

1)
−1/2dξ1

converges, we obtain a decay rate of r−3 for the overall integral

1∫
1/2

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πir
∂ξ1Gρdωdρdξ1 .

1∫
1/2

∫
S1

r−1(rξ1 + t)−2dωdρ. (3.29)

as well.

We know that we can write G(ξ) = (1 + ξ1)K(ξ), where K has the same

regularity properties as Ĥ+ (see (3.23)). In terms of K the derivatives of G

are

∂ξ1∂
k
ρG = ∂k

ρK(ξ) + (1 + ξ1)∂ξ1∂
k
ρK(ξ) ∼= ∇kK + (1 + ξ1)(1− ξ2

1)
−1/2∇k+1K

(3.30)

and

∂2
ξ1
∂k

ρG = 2∂ξ1∂
k
ρK(ξ) + (1 + ξ1)∂

2
ξ1
∂k

ρK(ξ) ∼=

∼= (1− ξ2
1)
−1/2∇k+1K + (1 + ξ1)(1− ξ2

1)
−1∇k+2K. (3.31)

On the interval [−1, 1
2
], integrating again by parts in ξ1 in

1
2∫

−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πir
∂ξ1Gρdωdρdξ1, (3.32)
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we obtain

1
2∫

−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

2πir
∂ξ1Gρdωdρdξ1 =

∞∫
0

∫
S1

e2πiρ(rξ1+t)

(2πir)2
∂ξ1Gdωdρ

∣∣∣∣ 12
ξ1=−1

−

1
2∫

−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

(2πir)2
∂2

ξ1
Gdωdρdξ1. (3.33)

The boundary term at 1/2 can be integrated again by parts, for a decay rate

of r−3, while the one at −1 cancels.

We also see that

∞∫
0

|∇K(ρξ̂)|+ |∇2K(ρξ̂)|+ |∇3K(ρξ̂)|+ |∇4K(ρξ̂)|dρ (3.34)

has a bound independent of ξ̂ for sufficiently smooth initial data. For the

last term (the others are similar) this can be proved as follows:

∞∫
0

|∇4K(ρξ̂)|dρ .

∞∫
0

|∇4Ĥ+(ρξ̂)|dρ .

. ‖Ĥ+‖L∞(R3) +

∞∫
0

‖Ĥ+(ρ, ·)‖H5+ε(S2)ρ
εdρ . ‖Ĥ+‖Ĥn,m(R3) (3.35)

for sufficiently large m and n. Therefore, in the last term of (3.33) we can

integrate by parts in ρ outside the interval {ξ1 : |rξ1 + t| ≤ 1} and obtain
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that

1
2∫

−1

∞∫
0

∫
S1

e2πiρ(rξ1+t)∂2
ξ1
Gdωdρdξ1 =

=

1
2∫

−1
|rξ1+t|>1

∫
S1

( e2πiρ(rξ1+t)

2πi(rξ1 + t)
∂2

ξ1
G− e2πiρ(rξ1+t)

(2πi)2(rξ1 + t)2
∂2

ξ1
∂ρG

)
dωdξ1

∣∣∣∣∞
ρ=0

+

+

1
2∫

−1
|rξ1+t|>1

∞∫
0

∫
S1

e2πiρ(rξ1+t)

(2πi)2(rξ1 + t)2
∂2

ξ1
∂2

ρGdωdρdξ1+

+

∫
[−1, 1

2
]∩{|rξ1+t|≤1}

∫
S1

e2πiρ(rξ1+t)∂2
ξ1
Gdωdρdξ1. (3.36)

However, for ρ = 0 we have that G(ρ, ·) ≡ G(0), so ∂2
ξ1
G(0, ·) = 0 (even

though we cannot say the same thing about ∂ρG). For all the other terms,

the integrand in ξ1 is equal to (1−ξ2
1)
−1/2 times a function bounded uniformly

in ξ1 (by the previous estimates involving K). Then the expression above is

seen to be comparable to

1
2∫

−1
|rξ1+t|>1

(1− ξ2
1)
−1/2|rξ1 + t|−2dξ1 +

∫
[−1, 1

2
]∩{|rξ1+t|≤1}

(1− ξ2
1)
−1/2dξ1. (3.37)

The second term is clearly at most r−1/2 (because we are integrating

something like x−1/2 on an interval of length r−1) and the first term can be

shown by computations to have an order of r−1.

Therefore, I have proved that the last term in (3.33) decays like r−5/2,

which completes the proof of the theorem.
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Observation 3.11. The same method can be applied in order to derive the

decay rates of the components of the spin-2 field.

Observation 3.12. The problem of interior decay is entirely similar to the

scalar case. Thus, we note that there is no need for any new statement

concerning interior decay, since the problem falls under the conditions of

Theorem 3.5.

3.2 Conformal Compactification Method

The following statement can be found (together with its proof) in [3, p. 162]

and [3, p. 183].

Theorem 3.13. Consider a conformal transformation on the manifold, g =

Ω2g, for some positive smooth function Ω. If F satisfies equation (1.26)

in the original coordinates, then F satisfies the same equation in the new

coordinates. If W satisfies equation (1.27) in the original coordinates, then

Ω−1W satisfies the equation in the new coordinates.

Lemma 3.14. ([1, p. 497], [8]) The Minkowski space R3+1 with the metric

g is conformal to a subset of the Einstein cylinder Σ4 = R× S3, of metric g,

under the conformal transformation

g = Ω2g, (3.38)

where Ω2 = 4
(
1 + (r + t)2

)−1(
1 + (r − t)2

)−1
. The metric g is the natural

metric of the cylinder.
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If we represent points in Σ4 by the standard coordinates (T, α, θ, φ), then

the image of R3+1 is represented by the set

0 ≤ α < π, 0 ≤ θ < π, 0 ≤ φ < 2π

α− π < T < π − α.
(3.39)

The coordinate change is given by

x1 = r sin θ sinφ, x2 = r sin θ cosφ, x3 = r cos θ

x0 = 1
2

(
tan T+α

2
+ tan T−α

2

)
, r = 1

2

(
tan T+α

2
− tan T−α

2

)
.

(3.40)

In the new coordinates, Ω is

Ω2 = (cosα + cosT )2. (3.41)

Theorem 3.15. If α is a p-covariant tensor field defined on R3, then Ωkα ∈

Hs(S3) under the condition that α ∈ Hs,s+2p−3−2k.

Theorem 3.16. A solution of the linear homogenous hyperbolic equation on

Σ4 with initial data (u(0), ut(0)) ∈ Hs,0(S3) × Hs−1,0(S3) belongs to Es(Σ4),

where

Es(Σ4) = {f ∈ L2(Σ4)| sup
T

( bsc∑
k=1

‖∂k
Tf‖2

Hs−k(ST )

)1/2

<∞}. (3.42)

Here Sτ = Σ4∩{(T, ω)|T = τ} = {τ}×S3 and all the norms are evaluated

using the metric induced on Sτ by the metric g of Σ4, which is the natural

metric of the sphere.

Theorem 3.17. The following imbedding holds:

E3/2+ε(Σ4) ⊂ Cb(Σ4), (3.43)

where Cb is the set of bounded continuous functions.
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Theorem 3.18. The null coordinate vectors (E+, E−, e3, e4) are transformed

by the conformal mapping in the following manner:

eA =
(
1 + (t+ r)2

)−1/2(
1 + (t− r)2

)−1/2
eA

e3 =
(
1 + (t− r)2

)−1
e3, e4 =

(
1 + (t+ r)2

)−1
e4,

(3.44)

where eµ form an orthonormal basis for TP (Σ4).

Theorem 3.19. Consider the equation (1.26), with initial data F |t=0∈

H2,3(R3). Then the null components of F have the following decay rates:

α .
(
1 + (t+ r)2

)−1/2(
1 + (t− r)2

)−3/2

(ρ, σ) .
(
1 + (t+ r)2

)−1(
1 + (t− r)2

)−1

α .
(
1 + (t+ r)2

)−3/2(
1 + (t− r)2

)−1/2
.

(3.45)

Also, if we consider a solution W of equation (1.26), for initial data W |t=0∈

H2,9(R3), we obtain

α .
(
1 + (t+ r)2

)−1/2(
1 + (t− r)2

)−5/2

β .
(
1 + (t+ r)2

)−1(
1 + (t− r)2

)−2

(ρ, σ) .
(
1 + (t+ r)2

)−3/2(
1 + (t− r)2

)−3/2

β .
(
1 + (t+ r)2)

)−2(
1 + (t− r)2

)−1

α .
(
1 + (t+ r)2

)−5/2(
1 + (t− r)2

)−1/2
.

(3.46)

The computation is straightforward, considering the fact that F and

Ω−1W are bounded in the Σ4 metric.

Observation 3.20. In both cases, the conditions imposed on the initial data

can be lowered by almost 1/2, i. e. F |t=0∈ H3/2+ε,3(R3) and W |t=0∈

H3/2+ε,9(R3). In order to make sense of such conditions, one may use the

Fourier transform.
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Observation 3.21. By the same method, one can obtain estimates for the

derivatives of the tensors, because if F |t=0∈ H2+l,3+l(R3) it follows that F ∈

E2+l(Σ4) ⊂ C l
b(Σ4), from which we can obtain estimates for the derivatives.
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