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Abstract
This paper establishes the local exact null controllability of the
diffusion equation in one dimension using distributed controls, in the
case of the Dirichlet boundary value problem.
Most of the techniques used in the course of the proof are borrowed from
[2].

1 Formulation of the problem

Consider the diffusion equation

yr — (a(y))ze = mu V(x,t) € Q=1x(0,T)
(1.1) y(x,t) =0 V(z,t) € ¥ =0I x (0,T)
y($70):y0 rel,

where I = (i1,i2) is a bounded real interval and m is the characteristic
function of an open subset w of I.

The ellipticity of this operator is insured by the condition 0 < p < a/(z),
Vo € R. We need |d/(z)], |a”(z)], and |a"'(2)] < M < oo as well, in order to
establish the desired controllability result.

The equation (1.1) is said to be exactly null controllable if there is u €
L?(Q) such that y(T) = 0, where y € C([0,T]; L?*(I)) is the solution to
(1.1).

We shall first establish some controllability results for the linearized
equation

yr — (' (§)Yz)e = mu Y(x,t) € Q
(1.2) y(z,t) =0 V(xz,t) € X
y(2,0) = yo zel,
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2 Local Exact Controllability of the Diffusion Equation in 1-D

where § is some function with ¢, Vt; € L®(Q), Jzt € L*(Q), and § |[s= 0.
Henceforth, I shall denote a’() by b.

In order to establish the controllability of (1.2), it is sufficient to prove
a Carleman-type inequality concerning the dual system

pt + (bpx)m =g V(l‘,t) € Q
(1.3) p(z,t) =0 V(z,t) € X
p(x,T) = pr x el

However, this only solves the problem for the linearized equation. Our
purpose will be to eventually show that we can make y = ¢ in (1.2), since
then the controllability of this equation would also imply that of the diffusion
equation (1.1).

We shall arrive to the desired conclusion by means of the Kakutani fixed-
point theorem and Pontryagin’s principle. Indeed, under strong regularity
conditions for the initial data ((a(yo))zz, (¥0)z, and yo belonging to L?(I)
and of sufficiently small norm), we shall see that the multifunction y = ®(g),
where y is any solution to the equation (1.2), takes an L?(Q)-compact set
into itself. The other conditions for applying Kakutani’s theorem are easily
met.

The final step will be to prove that we can dispense with at least some
of the conditions on the initial data, due to the regularizing properties of
the diffusion equation. We are going to show that, for every yo € H'(I) of
sufficiently small norm, the diffusion equation is null controllable.

2 The Carleman Inequality

In the following we shall assume the function a to be fixed, and therefore
we shall not mention the constants p and M explicitly. However, we shall
keep track of § and its derivatives.

In the course of the proof, we are going to need the following

Lemma 2.1 There exists a function 1 € C?(I) such that 1 (x) > 0 Vz € I,
Y(x) =0 on dI, and |, (x)| > 0 Vo € T\ wo, where wy is an open set such
that @y C 1.

The proof is obvious (see [2] for a more general case).
Throughout the sequel we shall use a fixed ¥ and a fixed Wy C w.
In addition, let us define, for any A > 0, the functions o and ¢ : Q — R
by
e)\w(:c) _ 62)‘”1/’”0(7) e)ﬂﬁ(l’)

A Ty

az,t) =

Note that ¢(z,t) > ¢ > 0, ¥(z,t) € Q, and **¢* < C < 00, V6 > 0, k € R.
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We are now ready to formulate the Carleman inequality concerning equa-
tion (1.3). The proof below is, many ways, identical to the one given by O.
Yu. Imanuvilov in a different case (see [7]).

Theorem 2.1 For any solution p of the dual system (1.8), with ||b;|| Lo (@),
[Vtbe|| oo () < p and for every X > Xo(p), s > so(A), the following inequality
takes place:

/62““ (s°¢°p* + sgp2 + s~ (0] + p2y)) <

Q
éc(/\,f)) </ e2sa83¢3p2+/e2sag2>’
Q

w

(2.1)

where C'(A, p) is a constant independent of p, g, and s, but which may depend
on ¥, A\, and p, and Q, = w x (0,T).

Proof of Theorem 2.1 This proof follows step by step the one given in
[2] for Theorem 1.2.1 (the Carleman inequality concerning the heat equation,
pp. 145 - 152).

By taking z = e?**p in the dual system (1.3) we obtain

2zt — souz + (bzy)y — 28AP, - bzp+

29 +(32>\2¢27/1325 - S)\2¢r¢).% - SA¢wmm)bZ - SAQbT,Z);beZ = esa.g
(22) 2(0) = 2(T) = 0 on I
z ’Z: 0.
If we set
B(t)z = —(bzz)z — (s°A20202 + sA22)bz + sayz
X(t)z = —25\20p2bz — 25\, - bz

Z(t)z = sAdhzbyz + sAGUyrbz

the equation can be rewritten as z; — B(t)z + X (t)z = Z(t)z + €**g. Then,
starting with the relation

d

T B(t)z'zda;:/B(t)zt'z+B(t)z'zt+Bt(t)z-zdx
T

1

= ZI/B(t)z(B(t)z —X(t)z+ Z(t)z + €**g) dz + I/Bt(t)z czdx

and integrating it on (0,7") we obtain

(2.3) 2/ (B(t)z)2 +2Y = —2/B(t)z(Z(t)z +e*%g) — /Bt(t)z - 2,
Q Q Q
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where Y = —fQB'X, that is

Y = — / (25AP1y - bz + 25X2P02bz)-
(2.4) 5

((bz)z + (2222 + sA?pyp2 )bz — sy 2).
Then, let us evaluate
/Bt(t)z cz= /btz:% - /(32A2¢2¢§b + sAZPp2b) 2% + sy 22
Q Q Q
Set v(\) = eAllem and let us take s > Y(A), A > Xg. In addition, put
D(s,\, z) = /33)\3¢3z2 + sAoz2.
Q
We eventually obtain that

< O+ 107 bell oo (@) D(s, A, 2).

(2.5) ‘/Bt(t)z 2
Q
Furthermore,
(26) 2‘ [ Bz + ewm\ <
Q

< / (B(1)2)* + C(1 + |6~ '] 1= () D (5. A, 2) + C / e g2,
Q Q

From (2.3), (2.5), and (2.6) we obtain

27) Y <O+ |[Vibi| o) + beHQLm(Q))D(s,)\, z) + C/e%“g?_
Q

On the other hand, we have the following lower estimates:

< CD(s, A, 2)

(2.8) ‘/ (28APy - bzy + SAGYbL2) SO0 2
Q

for s > ~v()\); then,

< CHbmHLOO(Q) : D(S, >\7 Z),

(2.9) ' SAQWLbyz - Sz
/
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and

< CD(s, )\, z).

(2.10) ‘/ (sN2p2bz)sayz
Q

Moreover,

— / sA2pp2bz - (bzy)p = / SN2 (P)2b2)y - bzg >

(2.11) N @
> / SNGU222 — C(1+ [y 2 ) D52, 2).
Q

Furthermore,

(2.12)

~ [ @A b (2N E + N0 =
Q

= [N 4 NG, 2
Q

> [ A0l + 28201500 1257 - O+ bl (@) Dls: A 2).
Q

Finally,

dep
(2.13) _/23/\¢T/)m ~bzy(bzy)r > _/S)\QSE “b?2z2do — CD(s, )\, ¢).

Q b

Since ¥ > 0 on I and ¥ = 0 on 9I, we have i—w < 0, and therefore

v —

—/sm% “b?22do > 0.
dv

by

Combining the inequalities (2.8), (2.9), (2.10), (2.11), (2.12), and (2.13),
we obtain

(2.14) Y > /83A4¢3¢§,b2z2 +8A2 0702 — C(1+ |6z 700 () D (55 A, 2)
Q
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From (2.14) and (2.7) we get

/83)\4¢3 ib2z2+sA2¢¢ib2z2§
Q
(2.15) < C(1+ ||Vtbe|| 1o () + Hb:vH%oo(Q))D(S,)\,z) + C/e2sag2
Q

< C(p)D(s, A\, 2) + 0/6230‘92.
Q

Because b > p and [1,| > ¢ on I \ wy, by making X sufficiently large (A >
2C(p), for instance) it follows that

/ s NP2 4+ s N Gyib? 2 <
Q

< C(p) / SN 322 + sAZopy2b? 22 + 0/6250‘92
Qug Q

(2.16)

Hence we can obtain, by exactly the methods used in [2] (p. 151), that

/€2sa83)\4¢3p2 +SA2¢pi S
(2.17) N
SC(/)) / 625a83)\4(253p2+S)\2¢p926+0/628ag2.

Qwo Q

Choose x € C§°(w) such that x =1 in wp. If we multiply equation (1.3) by
e?**y¢p and integrate on @) we obtain that

/ e XPbp; = — / (€***X®)z - bpps + / e***x¢pg + / X(€**¢)p? <
Q Q Q Q
<O+ bzl e () / e250s2 X232 + C/ezsagz.
Qu Q
Consequently we get
/6280{83)\4@3])2—1—8/\2(;5]95 < C(p)/e2sas3)\4¢3p2—|—0/e2sag2.
Q Qu Q

Equivalently, we may say that, for A > \o(p), s > so(N),

(2.18) /623&33¢3p2 + s¢ps < Cp,A) / e s3pPp? + C’/ezsag2.
Q Qu Q
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Next, by squaring equation (1.3), multiplying it with e?**s~1¢~!, and
integrating on (), we obtain

(2.19) /e2s°‘s_l<;5_1(pt + (bpx)gc)2 < C/ezsagz.
Q Q

At the same time,

/e2sa8—1¢—1pt . (bpx)m = — / (628a¢_1pt)m ' bpx >
Q

Q
1 _ 1 _1,—
(220) 2 5/(e2sa¢ l)t'pi_5/62sas 1¢ lpg_C/S)\qupi Z
Q Q Q
1
> —5/6250‘8‘1@5_129?—C/SA%pi-
Q

By (2.19) and (2.20) we obtain

(2.21) /ezms_lcb‘l(pf + (bpe)z) < 0/62”92 +C/8A2¢pi-
Q Q Q
Combining inequalities (2.18) and (2.21) we obtain the final result

/ (P p? + sppr + s ¢ (pF + p2y) <

Q
§C'(/\,p)</62m83¢3p2—I—/e2sag >
Q

w

Proceeding as in [2] (see Corollary 1.2.1, p. 145), one may obtain the
following corollary:

Corollary 2.1 Under the assumptions of Theorem 2.1, the following in-
equality holds:

(2.22) p2<o>dx§c<s,x,p>< 0y g)
e

w

where C(s, A, p) is a constant that does not depend on p or g.

3 Estimates for y

First, let us denote Q; = I x (0,¢) and f = mu. Thus, the system (1.2) can
be rewritten

Y — (byz)e = [ V(z,t) € Q
(3.1) y(z,t) =0 V(z,t) € X
y(z,0) = yo rel,
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We shall prove a few estimates concerning the solution y of the system (3.1).
Multiplying equation (3.1) by y; and integrating on @Q; we get

/yt / bya(t <C</f2 /bty?c),
Qt Qt Qt
/yt2+ sup /yi(t)dw <
te[0,7T
Q T

T

dt
, C 2(0)d 2 — - [[Vby|| oo - 2 d>
(3.2) < </yx(0) x+!f Jro/\/E [1V/tb | oo ) tesgé%}l/yx(t) x

SO

1

< oo( / y2(0)da + / P4 Wil sup. / Y2 (1) d:c>-
tel0,T
I Q I

Making ||v/tb| 1 (q) sufﬁciently small (||vVtbe|| 1) < 5 ) from (3.2) we
infer that y € LOO(( ,T); HY (1)) € L*°(Q), and

(3:3) [YllZoeiq) < C sup [ y2(t)dz < C( [ y2(0)de+ [ f2).
te[O,T}I i 5

As a consequence of the fact that (by,), = y: — f, we also obtain from (3.3)
that

(3.4 [ 2 < c( [ | f2>-

Q I Q
Multiplying equation (3.1) by (by,).+ and integrating on @Q; we get

oo [ @)oo= [ $o)e

Q1 Q¢ Qt
and by Green’s formula

Q1
Through integration by parts we obtaln

- f(bym)mt = - f(byac)gc dz t + ft(bygc)m <
/ / 0
Qt I Qt

< [ (PO + 2o+ [ (00200 + Gu2(0) da + / by )2 / 2

1

~

<2 [ (20 + Gu2en o+ [ )2+ [ (1242,
4]

Qt Q¢
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An elementary computation also proves that

/ymtbtymg—/ymcjubt )2y ds - sup /yidx
SEOT}I

1 2 2 / 2
< — C|lb . d
S 46@ Yo + Clibatllz2(g) 8561[10%][ Yy AT
t

Applying the preceding estimates into the equality (3.5) gives us

(3.6) / b2, + / ) ()deC'(/ (20 do -+ [ )+
I

Qt
[ G2+ 1) 4 bl s [420) d:c>.

s€[0,t]
Q+ I

Taking into account (3.3) and (3.4), for any t € [0,T] it is true that

(3.7) /ym /bym dx<0</(byx d:n—l—/ft
+(1+HbmH%2(Q))</y§(0) dx+/f2>)-
I Q

One consequence of this relation and of (3.3) is that by, € L°°((0,T); H'(I))
C L™®(Q), and

(38) ylie(q) < C(/(byx dx-i-/ft

+(1+wat\|i2(Q))</y”2ﬂ(0) dx+/f2>>.
; Q

Taking the derivative of equation (3.1) with respect to ¢, we obtain

Yt — (bytx)m - (btyw)x = ft-

Multiplying this with ty;; and integrating on @)y we have

/tytt /tbymym —/ ((beyz)z + ft)ys;
Q¢
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it follows that

1 [d
/ i+ 5 / 3 (thz,) < 0( / tf7 + tbuya); + / (tbt+b>y§t>-

Q Q Qt Qt
Then, since (b:Yz)z = bizYz + biYaz,

/t(btyx)i < 2</tb§myx /tbtymm>
Q Q

Q1

< ClbalBagg) - sl + Vel - [ o
Q
Furthermore, it is clearly true that

t

ds
[zi< [ SE Wbl s [ 2o da
1

&, 5 s€[0,t]

< C|Vitbe| < (g) -ts[lépT]/tyﬁt(t) dx.
I

)

It follows that

(3.9) /ytzt + Sup}/tyit(t) dz < C1</ft2 + ||ym||2L°°(Q) ’ wat”%?(Q)+
Q

te[0,T
1
+ VBl /y / et Wit s [t )ar).
I

Since byzy = (byz)z — bzpYs, from (3.3) and (3.4) we can infer that

/ym <O+ b ”Loo )(/yg(O)dx—i-/f?).
Q ! ¢

Making this substitution, as well as those possible in virtue of (3.8) and
(3.7), into (3.9), we get (for every b with [|v/b| 1o (q) < ﬁ)

/yft—l- sup /ty?ct(t) dz < C(/ff—k
te[0,7
Q I Q

+ (IbatlZ2(g) + IVEb 70 () (1 + b2l )

#0020 a4 [ 7240+ )
Q

1

/—\

I/y da:+/f2>+
20)da+ | f>>

Q

~—
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which becomes (after sorting out the terms)

/ W2+ sup / tyzta)dxsc( / e / (by»)2(0) dar+
5 te[0,7 7 5

I
+(1+ubxtu%z@)+Mbtuiw@mubxuiw(@))( / y2(0) dz + / f2>)-
1 Q

As a consequence, we see that /tyy € L>®((0,7); H}(I)) € L>®(Q) (with

IVt Lo (@) < Cllyetll Lo 0,1):02(1)))-
Comlng back to § (remember that b = a/(7)), let us note that

b2z (@) < CllFallzeo(@)s IVEbllzoo(@) < ClIVEGl Lo (@)

and

[b2tll22(Q) < CUlFallLe(@) - 9tllL2(Q) + T2t L2(q))
< Ozl e @) (T + 92t 22())-

Let us also remember that f = mu.
By a very rough estimate we obtain

(3.10) Nl Fooig) + Nvatllizig) < OO+ 12l Foe @) (1 + T2tlF2(0)))

</ by.)2(0) + 42(0) dx+/u§+u2>
I

Q

and

(3.11)
”\/Z?Jt”%oo(Q) <C@+ ”\/z?th%OO(Q))(l + ”g:c”%oo(Q)(l + H?th”%z@)))

< / (byz)3(0) + y2(0) d + / h +u2>,
I Q

for all § with [|[Vtg|| ) < Co = + max(% T) where Cs is a constant
which does not depend on g, u, or y
Further compressing these results, we arrive at

(3.12) yzllfee (@) + IVl T (@) + lyatllF2(g) < COL+ IVEG T () -

(1t el + ||gmtui2(@>< [ #0200+ 20 der [ —I—u2>.
I Q
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4 Optimization and the Main Result

Now we are ready to establish the main theorem, first for yg in a narrower
class of functions, then for yo € H*(I).

Theorem 4.1 For any d > 0, there exists n > 0 such that, for every yg €

L2(I) with || (a(yo))ze | 21y + | (W0) 2l L2(r) + 1Yol 2(ry < . the equation (1.1)
is exactly null controllable, with a controller u satisfying

[ 1) < o)l
Q

Proof of Theorem 4.1 Let us define

K = {lllyell=@) < o, IVtyllz@) < o5 yatllzzg) < pr 9(0) = yo}-

Note that this set is compact in the L?(Q) topology. Indeed, it can be easily
seen that the set is closed, and the fact that [|y|[51(g) is bounded insures its
precompactness.

Consider the linearized equation (1.2) for y € K. By the definition of
K, for all § € K we have a fixed p (which does not depend on g) in the
Carleman inequality (Theorem 2.1). Setting a sufficiently small p (p < Cy),
we also find that we can apply the main result of the previous section, (3.12),
for all the elements of K.

For brevity, in the following we shall denote any constant which does not
depend on p, y, 7, g, and u by C' (such a constant may, however, depend on
s, A, p, or 6).

Consider the optimal control problem: minimize

(41) /6—2804(25—3,“2 + 6_1 /6—28ay2(T) dz
Q I

subject to (1.2). By the Pontryagin principle this problem has a unique
solution (ue,ye). We have u, = mp.e?*®¢3, where p is a solution of the dual
System

(ps)t + (b : (ps):c)x =0 V(Z',t) € Q
(4.2) pe(z,t) =0 V(z,t) e X

pe(z,T) = —%yg(a:,T) Va e 1.
Multiplying (4.2) by ve, (1.2) by pe, adding the two equations together and
integrating on ) we get

/e2so‘¢3pf +e ! /e‘zsay?(T) dz = —/yop(O) dz
(4.3) Qe
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Applying Corollary (2.1), and choosing a small enough k in the inequality
above, we further obtain

(4.4) / @3 p? + e / “2a2(TYdg < C / 2 da

Qu I

/625(6—1)(1”2 — /e2sa¢3p? . 628606(253 < C/e2soz¢3pz
Qu

Q Qu

Clearly

and

/628(5_1)‘1(%)3 = /625(‘5—1)‘1(625%3(1?6% + 25> ¢ pe + 3¢ Pype)?
Qu

< C</62sa¢—1(p )? . e2s§a¢7 + / e2sa¢3p2 . e2s§a¢7>
Q w
< 0/628a¢3p2
Qu

Combining these last relations and (4.4) gives
I

(4.5) /625(6_1)0‘(uf + (u)?) + et | e %2(T)da < Cg/yg dz.
Q I
Taking § = 1 and applying (3.12) (and also considering that [|7.(| 1) < p,
IVt oo (@) < Py 1Tt L2(g) < p) gives
”y:c”%oo(Q) + ”\/z?Jt”%oo(Q) + ”%t”%z <

§0(1+p2)(1+2p4)</(byx)i(o +y2(0 dx—i—/ U )? +u>
I Q

<Ca(1+6%) [ (0 (002 + (02 + 38 do
T
Furthermore, since b(0) = a/(7(0)) = a’(yp), we obtain

/ (bya)2(0) + 2(0) + 4 dar = / (@(50))% (0) + (50)? + 8 da,
I I

hence the condition imposed on yg in the statement of the theorem. Thus
we get

(4.6) H%c”%oo(Q) + H\/%ytH%oo(Q) + HygctH%Q(Q) <

< Ci(1+ %) / (a(90))2.(0) + (y0)2 + v d.
I
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By making

(a(y0))2e + ()2 + yg d <7
I
for a sufficiently small  (such as n = m), we obtain that y. € K.
This means that u. and (uc); belong to a bounded set in L?(Q), the same
for every €, and y, belongs to K, set that is compact in L?(Q).
Choose a sequence of (uc,y), € — 0, that achieve the optimum in ex-
pression (4.1). From the above it follows that (on a subsequence)

Ue — U weakly in L?(Q)
(4.7) (ue)y — v weakly in L?(Q)

Ye = Y strongly in L%(Q).
Obviously it follows that v = u;. Other immediate consequences are that
(ye); tends to y; in H~1(Q) and that (b(ye)s)e tends to (bys). in L2((0,T);
H~2(I)); then (u,y) satisfy the linearized equation (1.2). Furthermore, the
strong convergence of y. implies that y € K. Last, but not least, by making
e — 0 in (4.4) we see that y(T') = 0.

As for ||es(1_‘5)°‘u||L2(Q) and ||es(1_5)aut\|Lz(Q), let us remember that, for
any sequence (f,)nen that converges weakly to f in L2, we have || f|| L2(Q)
< lim inf anHLQ(Q)

Thus, we have obtained a pair (y,u) which satisfies the system (1.2),
such that y € K, y(T) =0, and

[ 4 ) <
Q
We are now ready to apply Kakutani’s theorem. Consider ® : K — 2K,
o(y) ={yl yeK, y(T)=0, and Ju e H'([0,T]; L*(I)),
(4.8) with [, €070 (w2 + uf) < Csllyol 2,
such that (u,y) satisfy (1.2)}

Clearly @ is well-defined, takes non-empty values for every ¢ € K, and
has convex values.

In order to prove that ® has closed values, first let us fix a ¢, and consider
a convergent sequence

Yn — y in the L?(Q) norm,

with y, € ®(g), and choose the corresponding wu,, as in the definition of ®
above (4.8). Since y,, € K, Vn, and K is compact, it follows that their limit
y is also in K. Furthermore,

yn(T) = y(D)llz2(ry < llyn — Ylleqo,mz2m
< My = w1 o 11,2200 19 — ¥l

1/2
<Cp* Ny =yl oy
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so y(T) = 0.

Since fQ 250Ny 4 42) < CgHyoH%z(I), we may select a weakly con-
vergent subsequence which tends to a limit u with fQ 250 Dea(y? 4 42) <
C3Hy0‘|%2(1) (the proof is as above). It can be seen that (y,,); — y strongly in
the H=1(Q) norm and (b-(yn )z )z — (byz )z strongly in the L2((0,T); H=2(I))
norm. By passing to the weak limit in equation (1.2), satisfied by (u, yn),
we obtain that (u,y) also satisfy the equation. Therefore y € ®(g), and thus
®(7) is closed; in fact, since ®(y) C K, it follows that ®(y) is compact for
every § € K.

In this case, the lower semicontinuity of ® can be obtained from the fact
that it has a closed graph. Indeed, if ¢, € K, ¢, — ¢, and y,, € ®(9,) — y
in the L?(Q)) norm, consider the corresponding u,,, as above, and we obtain
(by taking a subsequence) that

Uy — U weakly in L?(Q),

(un); — uy  weakly in L2(Q), with Jo 250N (y2 4 u2) < Cslyol| 12
(yn)t — y¢  strongly in H=Y(Q);

(yn)x — Yz Strongly in LQ((O,T);H—l(I));

Un — Y strongly in L?(Q).

Since |a'(9n) —d'(9)] < Clyn, —yl, it also follows that a'(g,) — a'(§) strongly
in L2(Q) (and weakly-star in L°°(Q)). Then a'(,)(yn)s — @ (§)y. weakly
in L2((0,T); H~1(I)), or, equivalently, (a’(,)(Yn)z)e — (a/(§)ys)s weakly
in L2((0,T); H=2(I)). By going to the weak limit in equation (1.2) we obtain
that the pair (u,y) also satisfies the linearized system, with b = a/(g). The
other conditions (7, y € K, y(T') = 0) are obviously satisfied (see above for
proof details), so (7,y) belongs to the graph of ®.

Thus we can apply Kakutani’s theorem and obtain that there is y € K
such that y = ®(y). Such a y is a solution of the diffusion equation (1.1)
with y(0) = yo and y(7') = 0. In addition, its controller u satisfies the
required estimate

[ ) < Cullnl
Q
Now let us come back to the more general case, yo € H'(I).

Theorem 4.2 For any 6 > 0 there exists n > 0 such that, for every yg €
HY(I) with |lyollgr(ry < n, the equation (1.1) is exactly null controllable,
with a controller u satisfying

(4.9) / 250002 1 42) < Cylyol 2.
Q



16 Local Exact Controllability of the Diffusion Equation in 1-D

Proof of Theorem 4.2 We are going to divide the interval [0, 7] into
two parts, by choosing 0 < Ty < T'. On the first part of the interval we shall
make u = 0; the equation becomes

Yyt — (byz)z =0 V(z,t) € Q
(4.10) y(z,t) =0 V(z,t) € X
y(x,0) = yo rxel,
where we have renamed I x [0,Tp] = Qp, = Q and 9] x [0,Ty] = X for

greater convenience. We shall use the regularizing properties of equation
(4.10), eventually obtaining that

(4.11) /(a(y))im(t) +ya(t) +y2(t) de < C/yg +1/7(0) dz
1 1

Then, applying the previous Theorem 4.1, we shall be able to establish the
null controllability of y on the interval [Ty, T]. Finally, let us note that the
function u defined by
0, for t € [0, Ty
(e, t) = { u*(z,t), forte {Tg,]l] ’

where u* is a controller for y on [Ty, T, still has all the desired properties
(it belongs to H'([0,T]; L?(I)) and it satisfies (4.9)). Then the proof will
be complete.

Now let us establish estimate (4.11). For the beginning, we shall only
assume in (4.10) that b, € L*(Q) and b, € L°°(]0, Tp]; L*(I)).

Multiplying equation (4.10) by y and integrating on @Q; we get

(4.12) I/y2(t) dx+2Q/t by? = I/y2(0) d.

Multiplying the same equation by y; and integrating by parts for ¢t we get

1 1 1
/y1t2+§/by3:(t) = §/byg(0)+§/bty:%-
Qt I I Q+
Then, it is true that

1 1
2 2
/y3+/y§<t>dx§c</yz<o>dx+ ([#)([#) )
Q+ I I Q: Q:
and, consequently, (since 0 <t < Tp)

/yt2+ sup /yi(t) da < C(/yi(o)dﬁ
5 te(0,To)

1 1

+ 16ell 2@y - 1Y l2((0,10);L00 (1)) - SUpP Hy:c(t)HL2(1)>-
t€[0,To]
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Let us note that ||yl r2(0,m);200 (1)) < Cll(byz)zllz2(@) = Cllyellr2(g), so

/yt2+ sup /yi(t) dz < Cs (/yﬁ(O) da+
5 t€[0,To]

1 1

+ H@HH(Q)(/ZJ?‘F sup /yi(t) d$>>
o te[0,To] T

Making || || 72(q) sufficiently small (||b¢[[z2(g) < 255, for example), we obtain

/yt2+ sup /yﬁ(t) da < /yi(o) da.
) te[0,To] T

1

Q

As an immediate consequence, we also get fQ (byz)2 < C [;42(0) (this will
be useful later on).

Rewriting the last inequality (and remembering that, by definition, b =
a'(7), we have obtained

lyell2() + sup [y llz2r) < Collyz(0)| 21
t€[0,To]

o 1
if |9l 2 ) < 2MCy’
Consider the set

1
4.1 K ={y | lutllr2@) + sup ly=)llz2(r) < 5575 ¥(0) = o},
(4.13) {y | llyell2 ) te[O,TO]H Ol S3IC: (0) =yo}

which is clearly compact in L?(Q) (being closed in L?(Q) and bounded in
H'(Q)). Then, define ® : K — 2K by

(4.14) ®(y) ={y | y € K, y is a solution of equation (4.10)}.

For [|y:(0)||z2(r) < m, the multifunction ® has non-empty values
everywhere. It can be easily checked that it also has convex values.

Consider a sequence of solutions ¥, € ®(f§) which converges in L?(Q)
to a limit y. Then (yn)t — Yt in H_I(Q) and (b ’ (yn)x):c - (by:c)x in
L?((0,Tp); H=2(I)). By going to the limit in equation (4.10) for y, we
obtain that y; — (by), = 0 in the weak sense (in H~2(Q)), and therefore
y € ®(g). Thus we have proved that ® has closed values (compact, as a
matter of fact).

All that is left is to show that ® has a closed graph (and thus is upper
semicontinuous). Indeed, if we take two sequences y,, and ¥n, yn € P(Jn),
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converging to y and to g respectively, we successively obtain that

(Yn)t = Yt in H1(Q);

(yn):c — Yz in L2((07T0);H_1(I))§
Un — Y in L2(Q)

a'(gn) — d'(y) weakly—star in LOO(Q)
a'(Gn) - (Yn)e — ' (9)Ya in L2((0, Tp); H-1(1));
(@' (Gn) - (Yn)a)e = (@' (G)ye)e 0 L2((0,T0); H2(I)).

By going to the limit in equation (4.10), satisfied by all the functions y,
with b = a/(,,), we have obtained that y € ®(y), so the graph is closed.

Now all the conditions needed to apply Kakutani’s theorem are fulfilled
and we obtain that ® has a fixed point y € ®(y), and therefore the diffusion
equation

yr = (a(y))ea =0 V(z,t) € Q =1 x(0,Tp)
(4.15) y(x,t) =0 V(x,t) € ¥ =0I x (0,Tp)
y(x,0) = o zel,

has a solution y with

1
4.16 Yellnzoy + sup ||[Yz(D)l|n2n < Yo 2(7)s
(4.16) lyell 2@ tE[O’TdH Oz < S0IC: 92 (0221
c

for [l (0)ll2(r) < rshres

However, the solution Of equation (4.15) has further regularity properties,
of which we are going to need only one. For convenience, we shall keep the
notation b = d’(y) = @/(y). By multiplying equation (3.1) with (by;).t, we

get
/(bym)m(bym)xt+/bygt“‘/yxtbtyx =0,

Qt Q¢ Qt

1
/t(byx)i(t) dx""/tbyit"’_/tyxtbty:c = 5/(by:c)§
I

Q¢ Q¢ Q¢

hence

DO | =

In this equation we have

‘ / tymtbt Yz

= 2/tyxt+_/tbtyma
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where we may take p to be the same constant as in the beginning of the
paper (u < d'(z) Va € R, so that u < a’(y) = b). Then,

/ 22 < / B2 1ty o

< C/yt + sup / t(bya)2(t) d.

te 0 To]

Consequently, we obtain that

sup /t(byz)i(t) d$+/ty§t < C7<1+ sup / (bya)> >/y§
t€[0,To] ’ 5 t€[0,To) T y

vt € [0, Tp]. Again, for sufficiently small [|y2(0)l,2(z) (such as [|[y2(0)[|7. , <

ﬁ)a we have proved that

(4.17) sup}/t(bym)i(t) d:E—I—/ty?Ct < C’I/y?c(O) dz

te[o, T,
[0,T T 5

By choosing t = Ty in (4.12), (4.16), and (4.17), we obtain

[ @20+ 20 o < c( [pars [0 da;)
I I I

for any yo with [|y.(0)| z2(r) sufficiently small. This concludes the proof of
Theorem 4.2.
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