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ABSTRACT

The current work establishes several new results concerning the linear and nonlinear
Schrodinger equation. The linear results are helpful in proving the nonlinear ones, but
present independent interest also.
Firstly, we consider the H 1/2_critical Schrodinger equation with a focusing cubic nonlin-
earity in R3

0 + A + 9% = 0. (0.1)

It admits an eight-dimensional manifold of periodic solutions called solitons
w(m) = w(a,T, v, Dy) = ei(r+”'m*t|v‘2+a2t)¢(x —2tv — D, ), (0.2)
where ¢(z, ) is a positive ground state solution of the semilinear elliptic equation
—Ap+ ¢ = ¢>. (0.3)

We prove that in the neighborhood of the soliton manifold there exists a H 1/2 real-analytic
manifold N of asymptotically stable solutions of (0.1), meaning they are the sum of a
moving soliton and a dispersive term.

Furthermore, we show that a solution starting on N remains on N for all positive time
and for some finite negative time and that A is a centre-stable manifold for this equation.
The proof of the nonlinear results is based on the method of modulation, introduced
by Soffer and Weinstein and adapted by Schlag to the L2-supercritical case. Novel el-
ements include a different linearization and new Strichartz-type estimates for the linear
Schrodinger equation.

The main nonlinear result depends on a spectral assumption concerning the absence of
embedded eigenvalues in the continuous spectrum of the Hamiltonian.

In the second part, we establish several new estimates for solutions of the time-dependent

and time-independent linear Schrodinger equation, which hold under sharper or more
v



v

general conditions than previously known. Several of these estimates are based on a new

approach that makes use of Wiener’s Theorem in the context of function spaces.
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CHAPTER 1
INTRODUCTION

1.1 Main result

Consider equation (0.1):
i) + A + 1] *) = 0.

For a parameter path 7 = (vj, D, , ') such that |[7]| ;1,00 < 00 and a positive solution
1
o(z,a) of (0.3)
—A¢+ath =g,

define the nonuniformly moving soliton wx(t) by
wr(t)(x) = oz — y (1), alt))
t
ba.t) =v(t) 2+ [ (0 ~ (o)) ds + T 0
t
y(t) = 2/0 o(s)ds + D(t).

Theorem 1.1 (Main result). There exists a codimension-one real analytic manifold N C
H1/2, in a neighborhood of the soliton manifold, such that for any initial data 1(0) € N,
equation (0.1) has a global solution 1. N and 1 have the following properties:

1. ¢ is asymptotically stable, in the sense that it decomposes into a dispersive term r

and a moving soliton wx(t), given by (1.1), which converges to a final state:

7l < 004(0)||7“(0)||H%/2 (1.2)
) . < Cllr(0)]] . <C i 0) — .1/9.
HT”LEOH;/2HL%W%/2’6 < Clin >HH§/2 O i 19 0) wHHi/z

1



CHAPTER 1. INTRODUCTION 2

2. ¢, r, and wy depend real-analytically on the initial data 1(0).

3. The dispersive term r scatters like the solution of the free Schriodinger equation:

there exists rg € HY2 such that

r(t) = €70 + 0p1/9(1). (1.3)

4. 1 stays on N for infinite positive time and for finite negative time, meaning that N

s invariant under the Hamiltonian flow.

5. N is the centre-stable manifold of the equation.

This result depends on the absence of embedded eigenvalues within the continuous
spectrum of the linearized Hamiltonian (Section 1.5). For a definition of centre-stable
manifolds, the reader is referred to Section 1.3; for a definition of the norms involved in

the statement of Theorem 1.1, one is referred to Appendix A.

As a final matter concerning notation, we denote by C' various constants that appear

in the proof, not all equal.

1.2 Background and history of the problem

From a physical point of view, the nonlinear Schrodinger equation in R3 with cubic non-
linearity and the focusing sign (0.1) describes, to a first approximation, the self-focusing of
optical beams due to the nonlinear increase of the refraction index. As such, the equation
appeared for the first time in the physical literature in 1965, in [Kelley]. Equation (0.1)
can also serve as a simplified model for the Schrodinger map equation and it arises as a
limiting case of the Hartree equation, the Gross-Pitaevskii equation, or in other physical

contexts.

More generally, consider the semilinear focusing Schrédinger equation in R™ 1

10 + A + |[1|P1p = 0, (0) given. (1.4)



CHAPTER 1. INTRODUCTION 3

2
It admits soliton solutions, e''*” ¢(z, o), where
—A¢+ a’¢p = ¢PTL (1.5)
Important invariant quantities for this equation include the mass

M) = [ (o ds (1.6

and the energy
— 1 2 _ 2 p+2
Bl = [ 5190 - 5ot . (17)

Equation (1.4) is invariant under the rescaling
(x,t) = a2Pp(az, a?t). (1.8)

We interpret this as meaning that (1.4) is Hc-critical, for s, = n/2 — 2/p. Of particular
interest are the L? or mass-critical (p = 4/n) and the H! or energy-critical (p = 4/(n—2))

cases.

Except for this introductory discussion of other authors’ results, we always assume that
n =3 and p = 2, in which case (1.4) reduces to (0.1) and (1.5) to (0.3). In particular,
(0.1) is Hl/z—critical; in general, p=4/(n —1) is HY/2 critical.

Given a soliton solution (1.5) of the Schrodinger equation (1.4), a natural question
concerns its stability under small perturbations. This issue has been addressed in the L%
subcritical case by Cazenave and Lions [Cali] and Weinstein [Wei2], [Wei3]. Their work
addressed the question of orbital stability and introduced the method of modulation,

which also figured in every subsequent result.

A first asymptotic stability result was obtained by Soffer—Weinstein [SoWel], [SoWe2].
Further results belong to Pillet-Wayne [PiWa], Buslaev—Perelman [BuPel], [BuPe2],
[BuPe3|, Cuccagna [Cuc|, [Cuc2], Rodnianski-Schlag—Soffer [RoScSol], [RoScSo2], Tsai—
Yau [TsYal], [TsYa2], [TsYa3], Gang—Sigal [GaSi], and Cuccagna—Mizumachi [CuMi].

Grillakis, Shatah, and Strauss [GrShSt1], [GrShSt2] developed a general theory of soli-

ton stability for Hamiltonian evolution equations, which, when applied to the Schrédinger
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equation, shows the dichotomy between the L2-subcritical and critical or supercritical

cases.

In the L2-supercritical, H!-subcritical case in R3, Schlag proved the existence of a
codimension-one Lipschitz manifold of W11NH! initial data that generate asymptotically
stable solutions to (0.1). This was followed by more results in the same vein, such as
Buslaev—Perelman [BuPel], Krieger-Schlag [KrScl], Cuccagna [Cuc2], Beceanu [Bec|, and
Marzuola [Mar].

In the L2-critical or supercritical case, negative energy <:B>’1L2 N H! initial data
leads to solutions of (1.4) that blow up in finite time, due to the virial identity (see
Glassey [Gla]). For a relaxation of this condition and a survey of results see [SuSu]
and [Caz]. Berestycki-Cazenave [BeCa] showed that blow-up can occur for arbitrarily

small perturbations of ground states (1.5). Recent results concerning this subject include

Merle-Raphael [MeRa] and Krieger-Schlag [KrSc2].

Weinstein [Weil] showed that all H! solutions ¢ of the mass-critical equation (1.4) of
mass strictly less than that of the soliton, M[¢)] < M|¢], have global in time existence.
Merle [Mer]| classified threshold solutions (M [y)] = M|¢]), finding necessary and sufficient
criteria for blow-up for H! data (namely, all blow-up solutions arise from transformations

of the soliton), and global existence and scattering, for (z)~1L? N H! data.

A comparable result was obtained in 2006 by Kenig-Merle [KeMe| for the energy-
critical equation (1.4) in the radial case. Namely, for radial H' data ¢ of energy strictly
less than that of the soliton, E[¢] < FE[¢], the following dichotomy takes place: if
IV(0)||l2 < |IVo]l2, then ¢ exists globally and scatters, while if ||[V(0)|l2 > ||V¢]|2 and
¥(0) € L? then ¢ blows up in finite time. In this regime, the equality ||V (0)||2 = [|[V¢l|2
cannot occur. The behavior of solutions at the energy threshold, E[] = E[¢], was then
classified by Duyckaerts—Merle [DuMe]: the same two cases are present, together with

three more.

Following this approach, Holmer—Roudenko [HoRo]|, Duyckaerts—Holmer—Roudenko
[DuHoRo], and Duyckaerts-Roudenko [DuRo] established corresponding results for the

HY/2_critical equation (0.1). Their main findings may be summarized as follows:
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Theorem 1.2. Assume that 1 is a solution of (0.1) with

M\E[R) — 2P[y]> < M[¢|E[¢], (1.9)

where ¢ > 0 is a soliton given by (0.3) and P is the momentum

P[] = /}R?’ P(z,t)iVip(z, t) dx. (1.10)
Then one of the following holds:

1. If M| V9|13 —2P[W]? < M[¢]||[V |13, then ¢ exists globally and scatters or equals
a special solution, ¢—, up to symmetries: Galilean coordinate changes, scaling, com-

plex phase change, or conjugation.
2. If M[@Z)]HVQ#H% —2P[Y]? = M[qﬁ]HngH%, then 1 equals €' ¢(-,1) up to symmetries.

3. If M|V |3 — 2P)% > M[6]| V|3 and o € (x)~1L? is radial, then v blows up

in finite time or must equal, up to symmetries, a special solution ¢ .

The special solutions ¢_ and ¢4 were defined by the aforementioned authors to have
the following properties: ¢_(t) scatters as t — —oo and converges at an exponential
rate to a soliton solution as t — 400, while ¢4 (¢) blows up in finite time for ¢ < 0 and

converges at an exponential rate to a soliton solution as t — +oc.

We explore the connection between their result, Theorem 1.2, and Theorem 1.1 in the

subsequent remark.

Remark 1.3. The boundary of the region

B = {¢ | MY|E[] — 2P[)* < M[¢|E[¢]}, (1.11)

15 not a smooth manifold. Theorem 1.1 shows that, in the neighborhood of the soliton
manifold, B is contained between two transverse hypersurfaces. The boundary of the

region B and the two transverse hypersurfaces intersect along curves (one-dimensional

manifolds).
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The intersection curves are described by the special solutions ¢4 (t) and ¢_(t), for
sufficiently large t.

This remark fits with several other natural observations. Firstly, eliminating the soli-
ton manifold (¢ and its symmetry transformations — an eight-dimensional set) from
B, an infinite-dimensional set, divides the latter into two disconnected components; this
certainly could not happen if B were smooth.

Secondly, consider the functional that defines B,

Fl] = M[Y]E[¢] - 2P[4]*. (1.12)

Due to the extremizing property of the soliton ¢ in regard to the Gagliardo-Nirenberg-
Sobolev inequality, the first differential of F' at ¢ is identically zero:

o Flo+ eh] = Flg

e—0 €

— 0. (1.13)

Therefore, the tangent cone to B at ¢ is actually given by the sign of second differential
of F', which is an indefinite quadratic form; hence the lack of smoothness.

The most directly relevant results to which Theorem 1.1 should be compared are those
of Schlag [Sch], Beceanu [Bec|, and Cuccagna [Cuc2].

In [Sch], Schlag extended the method of modulation to the L?-supercritical case and
proved that in the neighborhood of each soliton there exists a codimension-one Lipschitz
submanifold of H!(R3)NW11(R3) such that initial data on the submanifold lead to global
H! n Wl solutions to (0.1), which decompose into a moving soliton and a dispersive
term.

[Bec] showed that for initial data in ¥ = (z)"'L?> N H!, on a codimension one local
Lipschitz manifold, there exists a global solution to (0.1) in the same space 3. Further-
more, the manifold is identified as the centre-stable manifold for the equation in the space
¥ (in particular, the solution stays on the manifold for some positive finite time).

Cuccagna [Cuc2| constructed asymptotically stable solutions for the one-dimensional

mass-supercritical Schrodinger equation ((1.4) forn =1, 5 < p < 00)

iup 4 ugy + [ulPu=0, 5 < p < oo, (1.14)
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starting from even H' initial data (p = 5 is the L2-critical exponent in one dimension,
while every exponent is H 1—s.ubcritical). The set of solutions obtained was not endowed
with a manifold structure.

Unlike previous results, the current one (Theorem 1.1) holds in a critical space, HY 2
for equation (0.1). Previously it was not known whether the asymptotically stable mani-
fold exists in the critical norm or is a phenomenon related to using stronger norms than
the critical one in the study of the equation. The current work puts this question to rest.

In addition, working in the critical space permits a series of improvements in the
nature of results obtained. Firstly, we identify the asymptotically stable manifold as a
centre-stable manifold for the equation in the sense of [BaJo]. Secondly, using the fact
that the critical norm does not grow with time, we can prove that the manifold is globally
in time invariant: solutions starting on the manifold exist globally and remain on the
manifold, for all positive time.

Finally, showing that the centre-stable manifold is real analytic raises the issue of its
analytic continuation beyond the immediate neighborhood of the soliton manifold. It
becomes an interesting problem to identify the global object that corresponds to the local

centre-stable manifold.

1.3 The centre-stable manifold
In 1983, Keller [Keller| considered the semilinear wave equation in RY with damping
utt + aug — Au+ f(u) =0 (1.15)
and a stationary solution given by
—Aug + f(ug) = 0. (1.16)

Under some growth and smoothness conditions on f, namely

F1 f(s) —ms = f(s) € CL(R), m > 0;

F2 f(0) = f'(0) = 0;
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F3 [ f/(s)] < C(1+ |52/ (N72);
F4 F(s) = [y f(t)dt <0 for some s > 0,

Keller proved the existence of an infinite-dimensional invariant local Lipschitz manifold
of H! solutions that approach uy as t — oo and of a finite-dimensional invariant local
Lipschitz manifold of solutions that approach ug as t goes to —oc.

In 1989, Bates—Jones [BaJo| proved for a large class of semilinear equations that the
space of solutions decomposes into an unstable and a centre-stable manifold. Their result

is the following: consider a Banach space X and the semilinear equation
up = Au+ f(u), (1.17)

under the assumptions
H1 A: X — X is a closed, densely defined linear operator that generates a Cjy group.

H2 The spectrum of A decomposes into 0(A) = o5(A) Uoe(A) U oy (A) situated in the
left half-plane, on the imaginary axis, and in the right half-plane respectively and

os(A) and o, (A) are bounded.

H3 The nonlinearity f is locally Lipschitz, f(0) = 0, and Ve > 0 there exists a neigh-

borhood of zero on which f has Lipschitz constant e.

Moreover, let X, X¢ and X be the A-invariant subspaces corresponding to o, o¢, and
respectively og and let S¢(¢) be the evolution generated by A on X¢. Bates and Jones

further assume that
C1-2 dimX", dimX?® < oc.
C3 Vp >0 3M > 0 such that ||S¢(¢)|| < MePlt.

Let T be the flow associated to the nonlinear equation. We call N' C U t-invariant if,
whenever Y(s)v € U for s € [0,t], T(s)v € N for s € [0,¢].
Let W*" be the set of u for which Y(t)u € U for all ¢ < 0 and decays exponentially as

t — —oo. Also, consider the natural direct sum projection 7 on X¢ @ X¥.
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Definition 1.1. A centre-stable manifold N C U is a Lipschitz manifold with the property
that N is t-invariant relative to U, 7% (N') contains a neighborhood of 0 in X¢& X*, and
N nwt ={0}.

The finding of [BaJo] is then

Theorem 1.4. Under assumptions Hi1-H3 and C1-C3, there exists an open neighborhood
U of zero such that WY is a Lipschitz manifold which is tangent to X“ at 0 and there

exists a centre-stable manifold W C U which is tangent to X°.

Gesztesy, Jones, Latushkin, Stanislavova [GJLS| proved that Theorem 1.4 applies to
the semilinear Schrodinger equation. More precisely, the authors established a spectral
mapping theorem for the semigroup generated by linearizing the equation about the stand-
ing wave. In particular, this theorem shows that the spectral condition H2 implies the
semigroup norm estimate C3. The local Lipschitz property of the nonlinearity is not

addressed in [GJLS]; it holds on H? for sufficiently large s.

While providing a very general answer to the problem, the global existence of solutions
on the centre manifold is not the subject of [BaJo] and [GJLS]. The ¢-invariance property
of [BaJo] means that a solution starting on the manifold remains there for as long as it
stays small. However, one does not know the global in time behavior of the solutions.
Once a solution on the centre-stable manifold leaves the specified neighborhood of zero,

not even its existence is guaranteed any longer.

By contrast, the estimates used by Keller [Keller] required a damping term, but his
result held globally in time. Schlag [Sch] dispensed with the need for a damping term and
proved a global asymptotic stability result, but the manifold that he constructed was not

time-invariant.

The current work identifies a centre-stable manifold for (0.1) in the critical space for
the equation H 1/2 and shows that solutions starting on the manifold exist globally and

remain on the manifold for all time.
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1.4 Setting and notations

Equation (0.1) admits periodic solutions eito‘2¢(a7, a), where
¢ = oz, a) = ap(azx, 1) (1.18)
is a solution of the semilinear elliptic equation (0.3)
—A¢+ a’p = ¢3.

In particular, we restrict our attention to positive L2 solutions, called ground states. They
are unique up to translation, radially symmetric, smooth, and exponentially decreasing.
Their existence was proved by Berestycki—Lions in [BeLi], who further showed that solu-
tions are infinitely differentiable and exponentially decaying. Uniqueness was established
by Coffman [Cof] for the cubic and Kwong [Kwo|] and McLeod—Serrin [McSe] for more

general nonlinearities.

Equation (0.1) is invariant under Galilean coordinate transformations, rescaling, and

changes of complex phase, which we collectively call symmetry transformations:
; 2
g()(f(z,1)) = ! THva=tID) o £ (o2 — 2tv — D), a21). (1.19)

If ¢(t) is a solution to the equation then so is g(¢) (), with initial data given by g(0)(0).

Applying these transformations to eit¢(~, 1), the result is a wider eight-parameter

family of solutions to (0.1)
(t)(e"o(x. 1)) = /T rr— 0 g0 o — D), (1.20

which we call solitons or standing waves.

In the sequel we denote by a capital letter the column vector consisting of a complex-

valued function (written in lowercase) and its conjugate, e.g.

WY r
v=|(_1], R= , etc. 1.21
(0)#- () e
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On this space we consider the real-valued dot product

(R.G) = (f9) + (7.9) = [ | (F@)g(@) + F@)g(w) do. (122

R

We leave it to the reader to check that our computations preserve this symmetry, in

the sense that all column vectors that appear in the sequel comprise a function and its

conjugate, meaning they are of the form F = <§> .

We look for solutions to (0.1) that get asymptotically close to the manifold of solitons.

More precisely, we seek solutions of the form

U = Wy(x,t) + R(z,t) = (w”(x’t)) + (T(I’to , (1.23)

Wr(z,t)

Wr

Wy T

r
where W = ( ) is a moving soliton and R = ( ) is a small correction term that

disperses like the solution of the free Schrodinger equation as ¢ — +4-oc0.

We parametrize the moving soliton wy by setting, as in (1.1),
(1.24)

The quantities that appear in this formula,

aft), T'(t), v(t) = (v1(t), v2(t), v3(t)), and D(t) = (D1(t), D2(t), D3(t)), (1.25)

are called modulation parameters and m = («,I',v, D) is called the parameter or modu-
lation path. There are eight parameters in total, since v and D have three components

each.

Due to the nonlinear interaction between wy; and r, the modulation parameters are
not constant in general; they are time-dependent. However, in the course of the proof

they are not allowed to vary too much. A minimal condition, which we impose henceforth,
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is that
&, 1, iy, Dy, € Ly (1.26)

and are small in this norm. We do not assume any stronger rate of decay. This implies
that the modulation parameters converge as t — oo, at no particular rate, and that their

range is contained within arbitrarily small intervals.

1.5 Spectrum of the Hamiltonian and the spectral assumption

The proof of Theorem 1.1 is based on a fixed point argument. Linearizing the equation
around a moving soliton produces a time-dependent Hamiltonian of the following form,

for a soliton w_o determined by a modulation path 70 as in (1.24):
A+ 2w _o(t)]? t))?
H o(t) = ( A (wro(9) 2) | Lo
—(@0(1)” —A = 2w o(t)]

We can always reduce the study of idy +H_o(t) to that of i0; + H, where

iy <A—1+2¢2(-,1) &% (-, 1) ) (1.28)

_¢2('71) _A+1_2¢2('71>

The spectrum of this Hamiltonian has been extensively studied. In Section 2.2 we give a
summary of the known facts. In addition, though, we must make the following spectral

assumption:

Assumption A. The Hamiltonian H has no embedded eigenvalues within its continuous

spectrum.

Such assumptions are routinely made in the proof of asymptotic stability results, as,

for example, in [BuPel], [Cuc|, [RoScSo02], or [Sch].

1.6 Linear results

In the process of establishing the main nonlinear result, Theorem 1.1, a crucial ingredient

turns out to be a Strichartz-type estimate for the solution of the time-dependent linear
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Schrodinger equation
i0Z —iv(t)VZ + A(t)osZ + HZ = F, Z(0) given. (1.29)

Here

B _(A-p O Wil W
H=Hy+V= (M Cu>0  (1.30)
0 —A+p ~Wy —|W]

in the matrix nonselfadjoint case, which matters for the nonlinear applications. |W7p| we
always assume to be real-valued and the same is true for W5 in the main case of interest.

We also consider the scalar (real or complex-valued) case
H=Ho+V=-A+YV, (1.31)

for which we prove analogous results.

For the purpose of establishing the nonlinear result Theorem 1.1, we may as well con-
sider only potentials V' that are smooth and exponentially decaying. However, working
in spaces of critical regularity simplifies the proof and enables one to better distinguish
between essential and unnecessary features. Therefore, for the most part, we prove dis-

persive estimates under sharp or almost sharp assumptions.

For the purpose of solving the nonlinear equation, we are interested in two main kinds

of estimates: L2 boundedness of the evolution,

t
120l < c(uzmwz v HF(S)szs), (1.32)
and Strichartz estimates

65, 110) (1.33)

<
HZ”L%LgﬂLtooL% = O(HZ(O)||2 + HFHL%Lx —i—L%L%

Other estimates, such as ¢+=3/2 kernel decay estimates, smoothing estimates, or wave
operator estimates, while interesting in themselves, are not directly useful and will con-

stitute the subject of separate papers.

Note that the Hamiltonian (1.28) is nonselfadjoint and time-dependent, leading to
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specific problems that are absent in the selfadjoint case.

In the scalar selfadjoint setting, Keel-Tao [KeTa] proved endpoint Strichartz estimates
for the free Schrédinger and wave equations and introduced a general method for obtain-
ing endpoint estimates (based on real interpolation) that has been useful in all similar

contexts.

The issue of selfadjointness matters because one needs to reprove the usual dispersive
estimates concerning the Schrodinger equation. They do not follow in the same manner as
in the selfadjoint case, where, for example, the unitarity of the time evolution immediately
implies the L? boundedness.

In [Sch], Schlag proved LY — L™ dispersive estimates for the Schrodinger equation
with a nonselfadjoint Hamiltonian, as well as non-endpoint Strichartz estimates. Erdogan
and Schlag [ErSc] proved L? bounds for the evolution as well. In [Bec], endpoint Strichartz
estimates in the nonselfadjoint case were obtained following the method of Keel and
Tao. Finally, Cuccagna and Mizumatchi [CuMi| obtained the boundedness of the wave

operators, from which all of the above can be inferred as a simple consequence.

In the linear setting, the most difficult to handle are terms of the form
(a(t) — a(00))o3Z and (v(t) — v(c0))VZ, (1.34)

where Z is the solution. Instead of using Strichartz estimates to handle them, we make

them part of the time-dependent Hamiltonian and thus avoid the issue altogether.

In the proof of linear estimates, we use Wiener’s theorem in the following manner.
In an abstract setting, let H be a Hilbert space and K = L(H, MyH) be the algebra of
bounded operators from H to MyH, where My H is the space of H-valued Borel measures

on R of finite mass, see (3.11).

Theorem 1.5 (see Theorem 3.3). If A € K s invertible then ﬁ()\) is invertible for every
A. Conversely, assume E(/\) is invertible for each \, A=1+ L, and

lim |G+ €) = Lll e =0, Jim [|(1 = x(t/R) L) =0 (1.35)

—

Then A is invertible in K.
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To apply this abstract result, consider a decomposition of the potential V' into
V=WV, Vi = |V|"2sgnV, Vs = [V|1/2, (1.36)

In the matrix nonselfadjoint case (3.3), an analogous decomposition is

1/2 1/2
Vv (Wil W (W] W
=WVVa, Vi=o3| _ Vo= > (1.37)
Wo |W| Wo W]

o3 = ((1) _01> : (1.38)

We are concerned with the operator

where o3 is the Pauli matrix

Ty, v, = VaeT0V; (1.39)
and its Fourier transform in regard to time
Ty, v, = iVaRo(MW1. (1.40)

To apply Theorem 1.5, we need to establish that the kernel Ty, v, is time integrable. This

is indeed the case, in the following scale-invariant setting.

Proposition 1.6 (see Proposition 3.5). Let Hg be as in (1.30) or (1.31). Then
it
160 gt < €5 (1.41)

We made use of Lorentz spaces, see Appendix A.

Then, for the Hilbert space H = L* and Vi, Vo € L32, it follows that Ty, 1, €
K = L(H, MyH). Its invertibility within this space is directly related to the existence of

Strichartz estimates.

We also introduce the projection P, on the continuous spectrum and projections on

the point spectrum. In Section 3.5 we show that, under the spectral assumption that
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there are no exceptional values of H within o(H), these projections are well-defined and

well-behaved.

Furthermore, we obtain the following bound on the L? evolution outside of the excep-

tional set:

Lemma 1.7 (see Lemma 3.12). Consider V € L3/%% as in (1.30), and x € L®(R),
such that, for some € >0, x(A\) =0 on {\| d(\,E) <e€}. Then

o
o

NG /R YO Ry (A +0) — Ry (A — i0)) dA (1.42)

is a bounded operator from L? to itself, of norm at most Ce||x||oo. Such operators commute

with the evolution and with one another:

X (H) = x(H)T = (") (H), xa(H)xe(H) = (axe)(H). (1.43)
In particular, eitHx(H) is a uniformly L2-bounded family of operators.
This preparation leads to the following result in the time-independent case:

Theorem 1.8 (see Theorem 3.19). Let Z be a solution of the linear Schridinger equation
i0iZ +HZ =F, Z(0) given. (1.44)

Assume that H =Hy+V,V € L3/21 s as in (1.30), and that no exceptional values of
H are contained in 0(Hg). Then Strichartz estimates hold: fort >0

|PeZ] 62 < C(I1Z(O)2 + 17|

LPLINLILy~ — (1.45)

6 5,2)
Lir2+12¥
and

172 0w < C(1ZO oo + 1Py o) (1.46)

Such statements are mostly known, though the proof provided here is more general
and easily translates to the nonselfadjoint case (1.30). Goldberg [Gol] obtained Strichartz
estimates for L3/2 potentials. [BPST] obtained decay results for critical potentials under
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stronger regularity assumptions. An early result of this type also belongs to Rodnianski—
Schlag [RoSc|, who proved nonendpoint Strichartz estimates for large potentials with
(2)727€ decay.

We refer the reader to these works for a more extensive survey of known results.

For the Strichartz estimates, one can go beyond [3/2:1 potentials, but we keep this
space for convenience. The proof actually shows that (1.45) is true for the L3/2:2 ¢losure

of bounded functions of compact support.

We treat the time-dependent case as a small perturbation of the time-independent
one, but our method works for perturbations of high order, of the form (1.34). Our main
result in this context, which improves upon and is distinct from previous estimates such

as [RoSc], is the following:

Theorem 1.9 (see Theorem 3.21). Consider equation (1.29), for H = Ho + V as in
(1.830) and V € L3/21 pot necessarily real-valued:

i0tZ —iv(t)VZ + A(t)osZ + HZ = F, Z(0) given,

A — 0 W W
H = K + |_1’ 2 7
0 —A+up ~Wo —[W|

and assume that | Allso and ||v]jeo are sufficiently small (in a manner that depends on V')

and o(Hg) contains no exceptional values of H. Then
1220 o gnggse < CNZON2+1Fl Ly o s2) (1.47)

Under the same conditions, assume in addition that, when factoring V' = V;V5 as in

(1.37), Vi, Vo € WH/22=€ q1j/1/2.24¢ Then

P21 12 poginsas < CURON gy + 1Py 1o o) (149)

Here P, is the projection on the continuous spectrum of H. Only the H 1/2 version of this

result is important for the nonlinear application.
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More detailed statements of these results and remarks concerning them follow within

the paper.



CHAPTER 2
THE NONLINEAR RESULT

2.1 Deriving the linearized equation
Substituting 1) = wy + r in the original equation (0.1),
i (wr + 1) + Alwg + 1) + (Wr 4+ 7)(wr +7)2 = 0.

In keeping with (1.24), the soliton wy is described by

wr(t) = AT+ fg (@2 (s)=[v(s)%) d8+v(t)-w)¢(x _9 fg v(s)ds — D(t), a(t)).

Note that wx(t) depends on the values 7 takes on [0, t]. Indeed, if we define
w(r) = w(a,T,v,D) = ei(FJrv'x)gb(x — D, ),
then wy(t) # w(w(t)); in fact,
t t
wa(t) = w(a(t), I(t) + / (a®(s) — |u(s)[?) ds,v(t), D(t) + 2/ v(s) ds).
0 0
Expanding the equation accordingly, note that
drwr = (D + a? — v?)dpwy + 6dawr + 90pwr — (20 + D)Opwy
and

Awy = Ae® D gz — y(1), a(t)) + 2V DV (x — y (1), lt))+
+ D AG(x = y(t), a(t))
= (0 — v®)wr + 2ivVwg — |wrPws.

19

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Here we used the following notation: given a soliton w = w(nw) as in (2.2), dpw, Oyw,
(9Dkw, and 0y, w are the partial derivatives of w with respect to these parameters and

span the tangent space to the soliton manifold at the point w:
Orw = iw, Jaw = Opw, (9Dkw = Oy w, Oy w = izgw. (2.6)

We use these partial derivatives to define the differential dyw of the map 7 — w = w(n).
The differential dyw maps a vector ém = (da, 0T, dvp, dD}.) in the tangent space at 7 to

a vector in the tangent space at w:
(drw)om = (61')dpw + (da)0aw + (6 Dy )Op, w + (dvy,) Oy w. (2.7)

This expansion results in the cancellation of the main term involving wy. The equation
concerning r becomes
2 Pwr + 2rfwg]® + Tw) = 0. (2.8)

i + Ar + i(Oqwn)i + (r>r + rwr + 2|r

Here drwy is the differential evaluated at the point wy. Since as noted previously w; #

w(m), (drwy )7 is not the same as the time derivative of wy.

We regard equation (2.8) as a Schrodinger equation for r. By conjugating, we obtain

an equivalent equation for 7:
- g 29 | =2 P L2 — 2y
10T — AT + idgwgrr — (|r|“T + (F) wr + 2|r|“wsr + 2F|wg|* + r(wr)”) = 0. (2.9)

Since both equations involve both r and 7, it is most convenient to solve them together

as a system or, rather, to see the pair of equations as just one equation concerning the

r
column vector R = ( ) .

T

Adopting this point of view, the main terms assemble into a time-dependent, non-

selfadjoint two-by-two matriz Hamiltonian

2 2
Hot) = <A+2|ww<t>| wn ()

U —w)? A 2w (t)|2> ~amr i) 21
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whereas the other terms are better treated as the homogenous right-hand side of the

equation:

(drwn)7 + |22z + 22Wr + 2|2
I (z( TWr)T 4 |2|°2 + z°Wr |z|Fwr ‘ (2.11)

Given a C2-valued soliton W = <w

_), we also introduce the partial derivatives 0;W =
0rw
(L), for f € {«a, T, v, D} }:

w
8fw

—1w

As a reminder, o3 is one of the Pauli matrices:

o3 = <(1) _01> . (2.13)

We use these to define the differential dW (7) of the map

T—W=W(r)= (w(w)) ,

w(m) (2.14)
(dxW (m))dm = (61")op W + ()0 W + (5Dk)8DkW + (0vg) vy W.
Thus, the first half of F'is simply given by the differential
(d .
idmwn)® gy (2.15)
1AWy
We denote the remaining nonlinear term by
2 2-— 2
— — -2
N(R W) = [ = o = 2P (2.16)
|2 + TPwg + 2|r 2w,
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In vector form, the equation fulfilled by R becomes

iR — Hr()R = F(t), F = —i(deWy)i + N(R, Wy). (2.17)

To this equation concerning R we join the modulation equations that determine the

path 7. For future convenience, define the cotangent vectors

Ea(W) =ido30rW,  Ep(W) = io30aW,
Euy, (W) = i038DkW EDk(W) = 1030y, W.

(2.18)

Also consider the (second) differential dz=¢(W), naturally defined as the differential of
the map m+— Z¢(W(m)), for f € {a, T, vy, Dy}

At each time ¢ and for all f € {«,T', v, D} we impose the orthogonality condition
(R(t),Z¢(Wx(t))) = 0. (2.19)
This condition arises as follows: given parameters m = («, ', vg, D}.), let

w = w(r) =TT gz — D, a),

W=Wwm = (m) ’ (2.20)

A + 2|w|? w? ,
HW) = ( 2 AL 2|w|2 + 2ivV — (a2 _ |v|2)03-

The Hamiltonian H (W), naturally associated to each soliton W (see Section 2.2), will
play an important role in the sequel.

Note that H(Wr(t)) = Hax(t) + 2iv(t)V — (a(t)? — |v(t)]?)os.

Condition (2.19) is then equivalent to asking that R should not live in the zero
eigenspace of the time-dependent Hamiltonian H(Wpr(t)).

Taking the derivative in (2.19), it translates into the following modulation equations.
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Lemma 2.1 (The modulation equations).

a = 405HW7TH2_2<< (dwua(WW»W) Z< (Ra WW)? EQ(WW>>)
I = 4a||Wally *((R, (dx=r(Wr))it) —i{N (R, Wx), Ep(Wr)))
O, = 2A|Wally (R, (dxZuy, (Wr))it) — il N (R, Wr), Zy, (W)
)

(2.21)
Dy, = 2| Wall3 (R, (d==p, (Wr))i) = i(N(R, Wr), Zp, (Wr))-
Proof. Begin by observing that for every soliton W
1 2. .
(OaW,Zp(W)) = EHWHQ if f = o and zero otherwise
1
(OrW,E¢(W)) = —||W |3 if f =T and zero otherwise
4o (2.22)

1
(Op W, Ef(W)) = §||W||% if f = D;. and zero otherwise

1
(O, W, Zp(W)) = §HW||% if f = v and zero otherwise.

Furthermore,
H (W)Za(W) =0, H(W)Ep(W) = -2iZ,,, (2.23)
H(W)Zy, (W) =0, H*(W)EDk(W) = —2i5,, .
Finally,
O (W) = (deZ (W) + (H (W) — HEE (W), (224)
Then, in the equality
we replace 0;R by its expression (2.17) and arrive at (2.21). ]

Let
LeR=da Y |[Wrlly*(R, (daZp(Wi))7)0f Wi
fea,l
2 > [WallX(R, (xS (Wr))7) O Wi
fE{Uk,Dk}

(2.26)
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and

Nr(R, W) =da Y [[Wrlly %N (R, W), Z (W) O Wi

I
fetal) ) (2.27)
+2 0 Y [ Wallg %N (R, Wr), 2 (Wr)) 0 W
fe{vk. D}
The modulation equations can then be rewritten as
(dxWr)t = Ly R — iNg (R, Wp). (2.28)

Lz R represents the part that is linear in R and N7 (R, W) represents the nonlinear com-

ponent (N (R, W),=Z¢(Wr)).

As an aside, using the notation of Section 2.2, let Py(Wy) be the zero spectrum

projection of the Hamiltonian corresponding to W;. We recognize
and a similar, but more complicated, expression for L R.

At this point we linearize the equation. We use an auxiliary function for all quadratic
and cubic terms and do the same in regard to the soliton. We only keep linear, first-order
terms in the unknowns R and 7 for which we solve the equation, so that the equation

becomes linear in R and 7 and quadratic and cubic in the terms involving R? and 7¥.

We introduce an auxiliary function RY and an auxiliary modulation path 7¥. Starting
with 7Y, we construct the moving soliton w,_o, its partial derivatives drw_o, cotangent
vectors Z¢(W o), the differentials dzW o and dzZ¢(W o), etc., all following previous

definitions:

70 = (a¥, 1Y, 0, DY),

wo = O (@)= P () dsto(O2) 1 _ g [£00(5) ds — DO(t), a%(1)), (2.30)
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as well as

w0 = iw 0, daw 0 = Oaw 0, Op, w0 = Oz w 0, Oyw 0 =iTEWw 0,

0
afWﬂ.O = ( fwﬂ()) )

8fwﬂo (2-31)
Ea(Wﬂo) = i035‘FW7T0, EI‘(WWO) = i03aaW7T0,
Evp,(Who) = io30p, Wo0,Ep, (W 0) = i030u,W 0.
Lemma 2.2. ¢ is a solution of (0.1) if and only if
(¥ _
U= (") =Wo+R (2.32)
(G

W_o is given by (2.30), and (R,T) is a fived point of the map (RY, 70 — (R, ), where

R and 7 solve the following system of linear equations:

iR +MH o(t)R=F, F=—iL oR+N(R",W o) — N_o(R’, W o)
f =40 |W_oll5*((R, (dxZ p(W10))7") — i{N (R, W 0),Z5(W,0)), f € {a, T} (2.33)
f=2W,0ll5 2 (R, (dxZ p(W0))°) — i(N (R, W0),Z4(W,0))), f € {vg, Dy}

Here

A+ 2w_olt |2 (w O(t))Q )
Ho(t) = . : ’
) ( ~(@0(0)? A = 2o (1)
e e (S T 2|7”0|2w7r0>

N(R, W o) = -
T |7’0|27’0 + (7’0)2w7T0 + 2|r0|2wﬂo

(2.34)
LoR=40" )" |[Woll3*(R. (dxZ(W,0))7")0F W, o
fea,ll
+20 Y [Woolla 2R, (drZp(W,0)7 )0, W 0,
fe{vg.Dy}
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No(R* W o) =4a" Y (W, oll3 (N (R, W_0),Z4(W,0))0;W,0
fe{a,T'}
+2 ) Wl 2N (R, W,0), 26(W,0))0F W 0.
fe{vg. Dy}
Solving the system (2.33) in a suitable space, with a view toward applying a fixed point

theorem to conclude that (R, 7¥) = (R, 7), is our main objective.

Proof. We substitute R? for R and 7¥ for m into all higher order terms of (2.17) and
(2.21). Following this substitution, the nonlinear Schrédinger equation (2.17) transforms

into the linear equation, in both R and 7,

iR —H_o(t)R = F, (2.35)
where
F = —i(dzW_o)it + N(R°, W_y),
‘(” ) ( ‘”) (2.36)
(dﬂ-Wﬂ())fT = F@FWWO + d@aWWo + Dkapkwﬂo + i)k&)kwﬂo.
The orthogonality condition we impose in the linear setting is
(R(),Z2p(W,0@))) =0, f €{a,T,vp, Dy} (2.37)

By taking the derivative, in a manner entirely similar to that of Lemma 2.1 we obtain

the linearized modulation equations: (2.21) become

6 = 40| W05 *((R, (drZa(W,0))7°) = i(N (R0, %), Z0))

I = 4a W05 (R, (drZp(W,0))7°) — i(N (R, 7%), Z))
0, = 2[[WOlI5 2 (R, (drZ0, (Wh0))7°) = i(N (R, 7°), 20, ))
Dy, = 2/[WO5*((R, (drZp, (W0))7°) — i(N(R,7%), 2}, )).

(2.38)
R
R
The identity (2.28) translates into

(drW o)t = L_oR —iN_o(R’, 7°). (2.39)
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Finally, we collect together (2.35) and (2.38) and replace (dzW _o)7 on the right-hand
side of (2.35) by its expression (2.28) in order to arrive at (2.33). O

2.2 Spectral considerations

Given parameters m = (o, ', v, Dy,), define the soliton

w=w(r) =TTz — D, o),

W (w) (2.40)

and consider the associated Hamiltonian

A + 2|wl|? w?

H(W) = H(e,T,v,D) =
(W) =H ) (—@2 —A — 2|w|?

) + 200V — (2 — [v})og.  (2.41)

By rescaling and conjugating by e@vtD)03 a5 well as by a translation, one sees that

all these operators are in fact conjugate, up to a constant factor of o?:
Dily g PV Tpe )%k (0, T, v, D)l 173DV DI, = 0?H(1,0,0,0).  (2.42)

Therefore all have the same spectrum up to dilation and have similar spectral properties;

thus, it suffices to study H = H(1,0,0,0):

A —1+2¢? ¢?
H= ( 2 A1 %2) . (2.43)

We restate the known facts about the spectrum of H. As proved by Buslaev, Perelman
[BuPel] and also Rodnianski, Schlag, Soffer in [RoScSo2], under fairly general assump-
tions, o(H) C R U R and is symmetric with respect to the coordinate axes and all
eigenvalues are simple with the possible exception of 0. Furthermore, by Weyl’s criterion
Oess(H) = (—o0, —1] U [1, +00).

Grillakis, Shatah, Strauss [GrShSt1] and Schlag [Sch] showed that there is only one

pair of conjugate imaginary eigenvalues +ic and that the corresponding eigenvectors
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decay exponentially. For the decay see Hundertmark, Lee [HuLe]. The pair of conjugate

imaginary eigenvalues +io reflects the L2-supercritical nature of the problem.

The generalized eigenspace at 0 arises due to the symmetries of the equation, which is
invariant under Galilean coordinate changes, phase changes, and scaling. It is relatively
easy to see that each of these symmetries gives rise to a generalized eigenvalue of the
Hamiltonian H at 0, but proving the converse is much harder and was done by Weinstein

in [Wei2], [Wei3|.

Schlag [Sch] showed, using ideas of Perelman [Per|, that if the operators

Li=—A+1-2¢%,1)F ¢*(-,1) (2.44)

1 —i
at 1, then the real discrete spectrum of H is {0} and the edges +1 are neither eigenvalues

1
that arise by conjugating ‘H with ( ) have no eigenvalue in (0, 1] and no resonance

nor resonances. A work of Demanet, Schlag [DeSc| verified numerically that the scalar
operators meet these conditions. Therefore, there are no eigenvalues in [—1,1] and +1

are neither eigenvalues nor resonances for H.

Furthermore, the method of Agmon [Agm|, adapted to the matrix case, enabled
Erdogan—Schlag [ErSc] and independently [CuPeVo] to prove that any resonances em-
bedded in the interior of the essential spectrum (that is, in (—oo, —1) U (1,00)) have to

be eigenvalues, under very general assumptions.

Under the spectral Assumption A we now have a complete description of the spectrum
of H. It consists of a pair of conjugate purely imaginary eigenvalues +io, a generalized

eigenspace at 0, and the essential spectrum (—oo, —1] U [1, 00).

Following [Sch], let F + be the eigenfunctions of H corresponding to +ic; then there
exists fT € L? such that

-+
Ft= (;) L F =TF" = (;) . (2.45)

o3Hog = H* (2.46)

Due to the symmetry
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of the operator, the respective eigenfunctions of H* are ogF*. Then, the imaginary

spectrum projection is given by
P, =Py +P_, Py = (- iogFT)F* (2.47)
up to a constant; the constant becomes 1 after the normalization
/R3 Re fT(2)Im f(z) dx = —1/2. (2.48)

It helps in the proof to exhibit the discrete eigenspaces of H(W). Denote by F* (W)
the eigenfunctions of H(W') corresponding to the +io (W) eigenvalues. Even though there
is no explicit form of the imaginary eigenvectors, Schlag [Sch] proved in a more general
setting that F i(VV), L? normalized, and o are locally Lipschitz continuous as a function
of W and that F¥ (W) are exponentially decaying.

More is true in the case under consideration. Since the operators H(W) are conjugate

up to a constant, the dependence of I’ jE(I/V) and o on the parameters can be made explicit:

F:t(w) — 6i($U+F)O’3€DVDﬂaFﬂ:’
(2.49)
(W) = a’o.

Also observe that 0¢W, where f € {a,T, v, D} }, are the generalized eigenfunctions
of H(W) at zero and Z¢(W), defined as in (2.18), fulfill the same role for H(W)*.
We then express the Riesz projections corresponding to the three components of the

spectrum of H(W) as

Pin(W) = P+(W) + P_(W), PL(W) = a (- iggFT (W) F*(W), (2.50)
Py(W) = 4a|W |5 (-, Ea)0aW + (-, Ep)0pW)+ (2.51)
k

and

Pe(W) =1 = By (W) — Po(W). (2.52)
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2.3 The fixed point argument: stability

Consider a small neighborhood of a fixed soliton wy = w(mg), determined by parameters

()
wy (2.53)

wp = /T g5 — Dy, ag).

mo = (ap, Lo, vgo, Dxo):

As in Section 2.2, Wy has an associated Hamiltonian H(W}) of the form (2.41)

A—|—2w02 w2
H(W0)=< o !

+ 2ivyV — (d — |vo]?)os. 2.54
w2 _A_2|w0|2> (ag — |vol”) (2.54)

In turn, to H(W)y) we associate the zero spectrum projection Py(WWy), the imaginary spec-
trum projection P, (Wy) = Py (W) + P—(W)), and the continuous spectrum projection
Pe(Wo) =1 — Po(Wo) — Pipn(Wo).

Up to quadratic corrections, the centre-stable submanifold is given by the affine sub-

space

Wo + (Pe(Wo) + P—(Wo))HY? = {Wo + Ro | Ry € HY?, (Py(Wo) + P+(Wo))Ro = 0}.

(2.55)
This submanifold will have codimension nine, so we need a supplementary argument,
presented at the end, to recover eight codimensions.

Take initial data of the form
R(0) = Ry + hE™ (W), (0) = m = (e, Lo, (vx)o, (Di o), (2.56)

where Ry € (P, + P_)H 1/2, Thus, Ry belongs to the appropriate linear subspace, while

hET is the quadratic correction, made in the direction of FT; in particular,
Py(0)R(0) =0, P+R(0) = h. (2.57)

(2.56) also implies that [|R(0)[| ;172 < C(|Roll 4172 + [h]).

We define a map Y as follows:
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Definition 2.1. T is the map that, given a pair (RO,WO), associates to it the unique
bounded solution (R,m) of the linearized equation system (2.33) from Lemma 2.2, with

initial data as in (2.56), where Ry is given and h is allowed to take any value:

T((R°, %)) = (R, 7). (2.58)

In the sequel we show that, for given Ry, RO and 70, the bounded solution (R, ) exists
and is unique and that the parameter h = h(R, RO, 7r0) is determined by the condition
that the solution should have finite X seminorm. There exist a unique value of h for

which the solution is bounded and a unique solution (R, 7) corresponding to that value
of h. Thus the map T is well-defined.

Consider the space

X ={(R,7) | Re LFHY?n2wi?S &erly, (2.59)

with the seminorm
R =R . . ~111; 2.60
(R, ™) x =l HL%)OH;/QQL%W:%/Q,G + ||7T||Lt17 (2.60)

where g is the scaling parameter, see (2.56). X is the natural space for the study of
equation (0.1) and of its linearized version (2.33). Indeed, since the Schrodinger equations
(0.1) and (2.17) are H 1/2_critical, we need to study them in the critical Strichartz space
L;;’OH%/Z N L% ' %/2’6. In regard to the modulation path, 7 € L' is a minimal assumption
to ensure we are dealing with small perturbations — and there is no room for a stronger

condition, due to working in a critical space.

We prove that, for ||(R?, 79)||x < 4, it follows that ||(R,7)|x = |[T(RY,7%)|x < o

as well, when ¢ is small. For clarity, we state the stability result formally:

Proposition 2.3. Let (R, m) be a solution of (2.33) with initial data given by (2.56).
Assume that the auziliary functions (R0, 7Y) of (2.33) also satisfy (2.56) and, for some
sufficiently small & < &g, ||(RY,70)||x < 8. Then (R,7) € X for a unique value of h,
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which we denote h(Ry, RY, 7T0), and this bounded solution satisfies

IR 1j2 o 1/26 < CUIRl 12 + 62),
Ly 2nrvry/ a'/ (261)
1711 + [A(Ro, B, 7%)| < Can(8]| Roll 172 + 67)-
t H
Supposing that HR0HH1/2 < ¢d and ¢ is small, it follows that the set
{(R,m) | R(0) = Ry + hF " (Wp), 7(0) =m0, |R,7l[x <6} (2.62)
is stable under the action of the map YT and that

\h(Rg, R®, 7%)| < 42, (2.63)

To a first order, R itself is then given by the time evolution of Ry under H_o(¢) and all

other terms in its composition are of higher order (of size §62).

We claim the previous result for each W(y and sufficiently small §, but are also interested
in the dependence of § on Wj. Since the Strichartz norms are scaling-invariant, they are
left unchanged by symmetry transformations; 7 and h scale like aqy. After accounting for

this fact, we are left with an invariant statement.

Proof. The modulation path 7 : [0,00) — R® determines the moving soliton w_o, fol-

lowing (2.30), and the time-dependent Hamiltonian H_o(t), as per Lemma 2.2.

Having in view Theorem 3.21 and the preceding discussion in Section 3.7, recall the

notations - 0
w(rd(t)) = T OO g — DO(t), a0(1)),

w(WO(t))> (2.64)

and consider the family of isometries

Ut) = eJo 20 (5)V +i((a%5)? = [0 (s)P)erg) ds (2.65)
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Observe that

i (2.66)

and let
Z(t) =U(t)R(t). (2.67)

For brevity we denote

H(t) = HW (1), Pot) = Po(W(x"(1))),
Pe(t) = P(W(x(t))),  Pim(t) = P (W (x° (1)),
Pi(t) = PL(W(r01),  P-(t) = P-(W(x%(1))) (2.69)
FH(t) = FXW (1), F(t) = F- (W@ @),
Zp() =EpW (1), o(t) = o(W("(1)))
Rewriting the equation (2.33) from Lemma 2.2
10t R — Hﬂo (t)R = F(t) (2.69)
with Z as the unknown, we obtain
07 — M) Z = U F(t). (2.70)

Instead of fixing a time-independent Hamiltonian for this equation, we consider the
time-dependent Hamiltonian H(¢) and divide the equation for Z into three parts, accord-

ing to the three components of the spectrum — continuous, null, and imaginary. Let
I = P.(t)+ Py(t) + Pyp(t), Pyn(t) = Py(t)+ P_(t). (2.71)

Then, we separately prove, for each of the three components, estimates that enable us to

carry out the contraction scheme.

The Py component is the most straightforward. By (2.56), the orthogonality condition

(R(t),Zf(Woo(t))) =0 (2.72)
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holds at time ¢ = 0 and the modulation equations (2.33) then imply that the orthogonality
condition still holds at any other time ¢. Applying the isometry U(t), the orthogonality
condition turns into

(Z(t),Z¢(t)) =0, (2.73)

which directly implies that
Po(t)Z(t) = 0. (2.74)

The continuous spectrum projection of Z fulfills the equation, derived from (2.70),
10 (Pe(t)Z) + H(t)Pe(t) Z = P(t)U(t)F(t) 4+ i(0¢ Pe(t)) Z. (2.75)
The right-hand side term
F=—iL oR+ N(R% %) — N_o(R", 7" (2.76)
is bounded in the dual Strichartz norm by means of the fractional Leibniz rule:

HLWORHL%W1/2,6/5 < C5HRHL%W1/2,6 = C5\|Z||L%W1/2,67

g g g (2.77)

IN(R?, 7°) = Noo (B2l . 12605 < C9°
tVx

When using the fractional Leibniz rule, there is an endpoint Sobolev embedding issue,
namely that W1/26 does not embed into L. However, when estimating the quadratic

and cubic terms, such as [r0?r0, present in N(R",70), we can avoid the problem by

putting 0 in non-endpoint Strichartz spaces:

1O w@mO Ly 1j26s5 < CHEOPN 1y llw@O 1y
LW, L2, LPH, 2.78)
012 0 '
< W . .
<C|R ||L?W£/2,3|| (m )HL;POH%/Q

The same applies to the cubic term, except that there we replace w(ﬂ'0> by 7.
The endpoint Strichartz space intervenes only when evaluating linear terms such as
L_oR. However, there we avoid the attendant endpoint Sobolev embedding issue by

means of a less sharp fractional Leibniz rule, which we can use because solitons are of
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Schwartz class.

Furthermore,

(8P (1) Z = 8y 3 Z,ios F~ (1)) F T (t) + o 3(Z,ios0  F~ (1)) FH(t)+
a3 Z,io3F~ +
+a N Z, io3F ()0 F () (2.79)
= =304 Z, io3 F~ () FY(t) + a 3(Z, iozdr F~ (£)70()) F () +
+a 3 Z, io3F~ (1)) dr FT(6)70(t)

and likewise for P_ and Fy. Since P. = [ — Py — P}, by direct examination it follows
that
P+ (t)Z . < Cé||lZ . :
[(0eP+(t)) \|L$W;/2,6/5 < 04| |’L%W$/2,6 (2.80)

Provided ||70||; < 4 is sufficiently small, Theorem 3.21 leads to Strichartz estimates

for P.(t)Z, by means of the following construction. H(t) is given by

B A + 2w (r0(t))|? w?(70(1)) 0 (N2 — 1O ()12
w&-( I —A—mmﬂww>+2 07 — (@*(0)? — (0o
(2.81)

Denote, for 79(0) = mp following (2.56),

- A + 2|w(m)|? w?(m .

H@=< 2wt (o) J+mw@v4m%W—w%Ww3@w>
—w(m)  —A = 2Jw(m)

The difference H — H is small in the appropriate W1/2:6/5-€n1i/1/2.6/5+€ norm (in much

stronger norms t00), so the corresponding term can be bounded by means of endpoint

Strichartz estimates:

I(H - H)ZHL%W;/2,6/5 < [[H(t) - H<t)||L§OW1/2,6/5—60W1/2,6/5+6||Z||L%W;/2,6

< C|x(t) - 7TOHL§°||ZHL2W1/2,6
B (2.83)

<7412l ...
<71l ||L%W%/2,6
<CdlZ|

. 1/2,6-
2w/
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Then, by (2.77), (2.80), and (2.83), for sufficiently small § and under the assumption that
there are no embedded eigenvalues we can apply Theorem 3.21 with the Hamiltonian H

and obtain

2
| Pe(t) Z|] 1726 < CUIZO0)[] g1y2 + 07 + 6HZ”L§W§/2’6)' (2.84)

L fY a2,

For the imaginary spectrum projection, write, following Section 2.2,
P () Z(t) = b () FT(t) +b (1) F (1) (2.85)

Then, by taking the time derivative of

b(t) = (1)~ Z(1), io3F T (1)), (2.86)
we obtain
bt = (N 73(01Z, io3 FT) — 300 (o) "4 Z, iog F T (£))+ 2,87
+ (a®) 732, ios(dr FF)7). |
Substituting 0¢Z by its expression given by equation (2.33), we arrive at
bt = £o ()bt — (UF, o5F T)—
(O — ¢ ) .

— 362"y HZ,io3 FTY + (a°)73(Z, io3(dr FT)70).

Thus b and b~ satisfy the equation
() () ) -Gan) e
bJr 0 —U(t) b+ N+ (t)

Ni = —(UF,03FT) = 3a%(a")™(Z,ios FT) + (a9 3(Z, iog(d, FT)7V). (2.90)

where

Here +io(t) are the imaginary eigenvalues of H(t), as in our discussion of its spectrum in

Section 2.2.
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Concerning the right-hand side, (2.88) and (2.77) imply

IN2Oll g2 < CEIZWON 501726 + 6%). (2.91)
tWx

To control the solution we use the following simple fact, see [Sch]. It characterizes the

bounded solution of the ordinary differential equation system (2.89).

Lemma 2.4. Consider the equation

. oty 0 B
T — ( 0 —U(t)> x = f(t), (2.92)

where © = <x1> is the unknown, f = (;1> € L% N L°, and o(t) > og > 0 is bounded
L2 2

from below. Then x is bounded on [0,00) if and only if
00 t
0= z1(0) +/ e~ oo™ dr ¢ (1) ay. (2.93)
0
In this case, for allt >0

z1(t) = — /too els 777y (5) ds,
(2.94)

t
2o(t) = e~ 0o 10 0) 1 / e~ Js o)A 1 (6) ds.
0

Proof. Any solution will be a linear combination of the exponentially increasing and the
exponentially decaying ones and we want to make sure that the exponentially increasing

one is absent. It is always true that

ea(t) = el 7T (24 (0) + / Lo ot g ) ds).
0

t (2.95)

t
ro(t) = e Jo oM dT 0 0) 1 / e~ Js (M)A 5,5y ds,
0

Thus, if 1 is to remain bounded, the expression between parantheses must converge to
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0, hence (2.93). Conversely, if (2.93) holds, then

ri(t) = — /:o el 7T fy (5) ds (2.96)

tends to 0. O]

Note that ¢ depends Lipschitz continuously on the scaling parameter «, in an explicit
manner, following (2.49). Then o(t) belongs to a compact subset [a1, ag] of (0, 00), because
a¥(t) belongs to a compact subset of (0, 00). Consequently, equation (2.89) has a bounded

solution if and only if

0=0b.(0)+ / T oo TN (t) dt. (2.97)
0

One sees that by (0) = h, where b4(0) is given by (2.97) and h by (2.56). R is globally
bounded in time if and only if Z is bounded. Z is bounded if and only if each of its

components is bounded, P;,,7Z in particular. Thus R is bounded only if
00 t
h=— /0 e~ Joo(MdT N 1)) at. (2.98)

We are interested in a more direct formula for h, one that involves R instead of Z. Note
that o(7) is also the imaginary eigenvalue of H(W o(7)). Expanding N4 and reverting
the isometry U within (2.98) leads to the explicit formula

h=— / T ng(WWO(T))dT«F, o3 F~(W_o(t)))—
0

—3a0(0)(a% ()R, i~ (W,0(1))+ (299)
+ (@2(0)) 7 (Ruioa(dr F~ (W0 (0)°(0) dt.

It remains to show that, for this unique value of h, R is indeed bounded.
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We obtain
o0 t
IMSOA e Jo o) dr N (1)) at

oo
go/ et N (1) dt
0

< CINl

(2.100)
+L°

<o6)2| . 52).
< (4 ||L%W%/2,6 +6%)
Following (2.94), both b4 and b_ are given by convolutions with exponentially decaying

kernels in ¢, whose rate of decay is bounded from below:

w#mg/wﬂsmWHﬂ@,
t (2.101)

t
bl < [ N (s) s+ e Rol e,

—0o0

with the convention that N(s) = 0 for s < 0; the second term for b_(t) stems from

e t7b_(0). One has

P, (t)Z . < b + ||b—
HZM)HﬁWW£—ng (L

< CUN+ gz + IN=lz2 + [1Foll g1/2) (2.102)

< C(|Roll g1y2 + 5||R||L2W1/2,6 +62).
tWa

Putting all three estimates (2.74), (2.84), and (2.102) together and taking into account
the fact that

Z . . =||R ) . 2.103
| ‘|L§°H$/20L§W§/2’6 | HLgOHQ%/%Ll?WJ}/Q’G’ ( )
we obtain
R . < C(||Rp| - + 9| R . + 52). 2.104
|| ||L%W11;/2’6 = (H 0”H1/2 ” ||L%W:%/2’6 ) ( )

Concerning the modulation path 7, from the modulation equations (2.33) we get that

- 2
7)1 < C(5HZ”L%W%/2’6 +67). (2.105)
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Overall,
IR, mlx = (Zm)lx < CIRoll ;172 + (R, ™)l x + 6%) (2.106)

and this proves stability for the suitable choice of h and small initial data R. [

2.4 The fixed point argument: contraction

The parameter § was chosen such that the scaling parameter a(t) belongs to a fixed

compact subset of (0,00) and therefore the imaginary eigenvalue ic fulfills
o € [ay,a9] C (0,00), (2.107)

for all the admissible paths that we consider. Fix, then, a constant p € (0,aq).

For any two bounded solutions of the linearized equation (2.33), (R;,7;) = T(Rg), j)
7 =1,2, located in X, such that

I(RY, =D)llx <6, (2.108)

we prove that T acts as a contraction in the following space Y:

Y = {(B.7) [[le""R()| /2.6 + le™ (e My < oo} (2.109)

Ly 2N,

This is only a seminorm, but defines a metric space for fixed initial data.

Furthermore, for fixed Ry we prove that the unique value of h, h(Ry, R?, 7%), for which
the solution with initial data (2.56) is bounded, satisfies

[h(Ro, RY, 77) — h(Ro, B3, 73)| < CS||(RY, 77) — (RS, 79)ly- (2.110)

Observe that this enough to complete the proof. For initial data given by (2.56) and

fixed initial data Ry and 7, consider a sequence

(Rn,m) = Y((Rp—1,m-1)), [[(Bn,m)llx <0 (2.111)
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which converges in the Y sense to (R,); the parameters h, = h(Rgy, R2, 70) form a
Cauchy sequence as well. Then the pair (R,7) is a fixed point of T and, by virtue of
Lemma 2.2, a solution to the nonlinear equation (locally in time in a weak sense and

therefore globally as well) with the specified initial data and, furthermore,
[(R,m)|lx < limsup [|(Rn, )| x <. (2.112)

This follows first on any finite time interval [0, 7] and then in the limit on [0, c0).

We seek to prove that for any sufficiently small choice of §

I(R1,m1) — (Ra, ma)|ly < 1/2||(RY, 7?) — (RS, 79)|ly-- (2.113)

Letting Ry and Ry start from distinct initial data proves useful, leading to the formu-

lation of the following perturbation lemma, which we employ repeatedly:

Lemma 2.5. Consider two solutions, (Ry,m1) and (Ro,m9), of two distinct linearized

equations in the form (2.33):

T

i Rj+H _o(t)R; = Fj, Fj =—iL oR; + N(R?,WFQ) — N _o(RY, W o)
J J J
fj= 4“?HWW§)”2_2(<R]H (dwEf(Wﬂ?))ﬁﬂ i((N (R, W, 70):Z¢(W0)), f € {a T}

fi= 2||Wﬁ9||52<<Rj, <dﬂaf<wﬂ9>>ﬁ9> - ¢<N<R9,WW9>,Ef<W 0))). f € {or. Dy}

(2.114)
for 7 = 1,2, with initial data
R;(0) = Roj + hiF™(W(m)), m;(0) = 73(0) = mq given. (2.115)
Assume in addition that H(R?, 9)||X <6 and
(Rj, ;) = Y((R},7})), hyj = h(Ry;, RY, 7)), (2.116)

meaning that h; hold the unique values that make (R;, ;) the bounded solutions of (2.114).
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Then, assuming 6 > 0 is sufficiently small,

(R, m1) = (Rg, m2)|ly < C8||(RY, w) — (RS, 79)lly + Cl|Ro1 — Rozll 172

(2.117)
|h1 — ha| < CO(|[(RY, 7Y) — (RS, 79)lly + | Ro1 — Roall 1/2)-

In this formulation, § and various constants denoted by C' may depend on the value

of p in the definition of Y, (2.109), which in turn depends on the scaling parameter «.
Proof. Let R= Ry — Ry, m =7 —m. R;, j = 1,2, satisfy the equations

iatRj + Hﬂo(t)Rj = Fj, (2.118)
J

with initial data

R;j(0) = Ry; + hj FH (W (m)). (2.119)
Note that, by the preceding stability result, Proposition 2.3, ||(R;j, 7;)[| x < 0 for j =1,2.
Furthermore, R; satisty the orthogonality conditions

<Rj(f),Ef(W 0(t))) =0 (2.120)

at time ¢ = 0 and thus, due to equation (2.114), at every time t.

Subtracting the linearized equations from one another, we obtain a similar one for the
difference R = Ry — Ra:

10t R + Hﬂ(l)@)R =F, F=F —F— (Hw?(t> — Hﬂg(t))Rg. (2.121)

We choose the Hamiltonian H_o () (the choice of one or two is arbitrary) and apply the
1
same isometry U(t) as described by (2.65-2.68):

U(t) = o @)V +i((9)*(s) = [0 ()P)o3) ds. (2.122)

Let
Z(t) =U)R(t). (2.123)
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We reintroduce notations similar to (2.74), namely

H(t) = HW(n{(t),  Po(t) = Ry(W(m(t))),
P(t) = P(W(r0(1)),  Pin(t) = Ping(W(n( (1)),
Pi(t) = PL(W () (1), P-(t) = P-(W(x}(1))), (2.124)
Fr(t) = Fr(W(n{(t), F(t)=F (W(x{(1),
2t =E(W(n((t),  o(t) =o(W(n(t)))
Rewritten for Z, the equation becomes
inZ +Ht)Z=U(t)F. (2.125)

Then we split Z into three parts, according to the Hamiltonian’s spectrum:
Z=P.()Z+ Py(t)Z + P, (t)Z. (2.126)

We bound each component of Z in the same manner as in the previous section. The main
difference is related to Py(t), which need no longer be zero because the orthogonality

condition does not hold.

For the right-hand side F' = F} — F — (H_o(t) —H_o(t)) 2 we estimate the difference
1 2

term by term, arriving at the following estimate:

pis2ss < OO+ AR DIy + IR AD) — (B, xlly). (2127)
t"Wx

11|

Here we have taken advantage of the exponential weight, as integrating in time preserves

the space etpo , at the cost of a factor of p_1 :

t _
|58 $65) sl oy < o1 g (2125)
In particular, one has in any Schwartz seminorm Sy, in the space variables, that

IWeo () = Weg®lles, < COL+p™ (IRY, 7) — (B2, w)lly (2.129)
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The initial data are given by
Z(0) = (hy — ha) F"(W(m)) + Ro1 — Roz (2.130)
and satisfy the bound

1Z(0)l 172 < C([h1 = ha| + [[Ro1r — Roz2ll z1/2)- (2.131)

It is straightforward to bound the continuous spectrum projection, P.(¢)Z, which

satisfies the equation
10y (Pe(t)Z) + H(1) Pe(t) Z = Pe()U (D) F + i(0 Pe(1)) Z. (2.132)

Starting from the usual Strichartz estimates of Theorem 3.21 and integrating against the

exponential weight e!?, we obtain Strichartz estimates with this weight:

P.(t)Z : :
| Pe(t) Hetﬂ(LgoH;ﬂmLt?W%/Z’G/‘r’)

<C(IPO)ZO)l 2 + I1F /e + [Pl 2] 1/26) (2.133)

etP L2 etPL2W,,

<C| Ror — Rozll jy172 + CO(1+ p~ ) (I(RY, =) — (RS, 7 ly + I(R, ™)l|y)-

There is no contribution due to hy — ho, since P.(0)Z(0) does not depend on hy — hs.

R satisfies no orthogonality condition, but Ry and Rs do. Taking the difference of

these two relations leads to

(Ra(t) = Ra(t), Ep(Wyo (1)) = (Ra(t) Zp(W,g(0) — Z,(Wpg (1) (2134)
Applying the isometry U, it follows that

(2(8), Zp(t)) = (Ry(t) — Fa(t), Zp(Wo(1))) (2.135)
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and therefore

[Po(t)Z ()]l 1/2.6/5, < CO(L+p ?)|[(RY,77) — (R, xD) [y (2.136)

etp (L F L P nr2v/25/%)

Concerning the imaginary component, Lemma 2.4 applies again, since Z is globally

bounded forward in time, as seen from
1P Z@ g2 < IRIOl grjo + [Bo®)ll gy < C <00 (2.137)
Write, following Section 2.2,
Py Z(t) = b () FT(t) + b~ () F (1). (2.138)
Then, as in the proof of the stability result, we infer

Ot = to(t)bT — (UF,03FT)—

0/ 0\—4,., : 03 0 (2.139)
—3a”(a”) N Z,iosFT) + (a”) "% Z,ios(de FT)7").

Thus b and b~ satisfy the equation
N N[ R
bJr 0 —U(t) b+ N+ (t)

Ni = ~(UF,03FT) = 36}(a) " NZ,io3FT) + (o) "*(Z io3(drFT)Y).  (2.141)

where

Then,
||Ni||etpL% < C5H(Ra 7T)||Y' (2142)

As a consequence of the lemma, we obtain that Pj,,(¢)Z is in the same space as N, as

a function of time. Indeed, here we emphasize that since p < a1 < o(t), convolution with
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e~altl preserves the space etpL? . One gets that

0
hi — hal = [b4(0)] < C /0 1N (1)] dt

(2.143)
< O5(|(2), 7)) = (28, 7))y + 1|Z] tle/Q)
Also through Lemma 2.4, it follows that
1PimZlly < CO(I1(Z7,7Y) = (Z8, ) lly + I(R. ™) ly). (2.144)

Finally, subtracting the modulation equations (2.114), the difference between the
paths, m = w1 — m9, also fulfills

Illgepy < CO(L+p~ (27 71) = (28, 7))y + 1(Z. )y ). (2.145)

Up to this point, there was no actual need for exponential weights and we could have
used polynomial weights in their stead. However, (2.145) makes exponential weights
necessary. The modulation equations involve terms of the form f on the left-hand side
and fO s)ds on the right-hand side. The only way to contain both within the same
space involves exponential weights.

Putting (2.133), (2.136), (2.144), and (2.145) together we retrieve estimate (2.117). [

Remark 2.6. A difference estimate also exists in the case of different starting solitons,

W?(O) = 7;(0) = myj, 5 = 1,2. In order to perform a comparison, we first make the
starting solitons coincide by means of a symmetry transformation and then compare the
solutions in a unified setting.

More precisely, let
' 2
g(t)f(x,t) = Pl +F)af(ax —2tv — D, a2t) (2.146)

be the unique symmetry transformation such that g(0) takes w(mgy) to w(mge). We define

accordingly the action of g on the modulation parameters:

gr =7 <= gw(m) = w(7T). (2.147)
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Then, using the notation g(R, ) = (g(t)R(t), g(t)n(t)), it immediately follows from the

previous lemma that

la(R1,m1) — (R, m2)lly < C6[lg(RY, 7Y) — (RS, m3)|ly + Cllg(0) Rox — Rozll 172,

b1 — ha| < Co(||lg(RY, 7Y) — (RS, 79)|ly + |9(0) Ror — Roall j1/2)-
(2.148)

2.5 Analyticity of the invariant manifold

Consider a solution of the nonlinear equation (0.1) stemming from the contraction argu-

ment presented. For a soliton Wy = W (m), it has the form
R =Wy + Ry + h(Ro, Wo) F T (Wp). (2.149)

Here F* (W) is the eigenvector corresponding to the upper half-plane eigenvalue of

H(Wp) (see Section 2.2), Ry belongs to the codimension-nine vector space
No(Wo) = (Pe(Wo) + P—(Wo)) H'/2, (2.150)

and h(Rg, Wy) is the unique value determined by the contraction argument that leads to

an asymptotically stable solution to (0.1), for these initial data.

We recall again that R and other vector-valued functions we are considering have the

r
form (_) and that, as a consequence, the dot product is real-valued.
T

At this point we give the following formal definition:
Definition 2.2. Let M be the eight-dimensional soliton manifold and

No(W) = {Ro € (Pe(W) + P (W) H2 | || Ro|l 1170 < G0}
N(W) = {W + Ry + h(Ro, W)FT(W) | Ry € No(W)}
No = {(Ro,W) | Ry € No(W), W € M}

N= ] ~yw).
WeM

(2.151)
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0o will be chosen independently of W.

The fiber bundle A is trivial over the soliton manifold. Indeed, for each soliton W
there exists a unique symmetry transformation gy that takes Wy (a fixed soliton) into
W. Then

(Ro, W) = gw(Wo + Ro) (2.152)

is an isomorphism between a tubular neighborhood of the base in the (trivial) product
bundle (P.(Wy) + P—(Wy))HY?2 x M (where M is the soliton manifold) and Np. This

endows N with a real analytic manifold structure.

N is the image of Njy under the map
F(Ry, W) =W + Ry + h(Ro, W)FT(W). (2.153)

Following the contraction argument from beginning to end and giving appropriate val-
ues to ¢, commensurate with the size of the initial data R, we summarize the conclusion

as follows (this is the gist of our main theorem):

Proposition 2.7. There exists g > 0 such that for each soliton Wy = W (mq) there is a
map h(-, Wy) : No(Wp) — R such that

1. h is locally Lipschitz continuous in both variables,
2. |h(Rg, Wy)| < Ca0||R0||?ql/2 (o is the scaling parameter of W),

and

F(Rg, W) = Wo + Ro + h(Rg, Wo) F* (W) (2.154)

gives rise to an asymptotically stable solution W to (0.1) with ¥(0) = F(Ry, Wy) such
that
U(t) = Wr(t) + R(t). (2.155)

Here Wy is a moving soliton with Wx(0) = Wy, governed in accordance to (1.24) by a
path 7w such that

I7ll1 < CagllRoll%1 - (2.156)
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R is in the Strichartz space, with initial data R(0) = Ry + h(Rg, Wo)F (W), and

IRl 12,6 < CO. (2.157)

L,?OH%/QHL%W;C

Adopting a different point of view, for sufficiently small &g || Rp|| j71/2 is comparable
to the distance from ¥(0) to the soliton manifold,

mv[i/nH‘I’(O) =Wl g1/2- (2.158)

Indeed, one inequality is obvious and the other follows by Lemma 2.12, see below.

Applying the perturbation Lemma 2.5 to the solution of the nonlinear equation leads

to the following:

Proposition 2.8. The solution depends continuously on the initial data: given solutions
Uj(t) = Wa (t) + R (1), (2.159)

j = 1,2, with initial data in the same fiber, ¥;(0) € N (W), meaning ¥ ;(0) = F(Ry;, W),

one has

[Py — o 1/2,6/5, < Cl[(R1,m1) — (R2,m2)ly

< Cl[Ro1 — Ro2|l 172

and

|h(Ro1, Wo) — h(Roz, Wo)| < Cag(l|Ro1ll g1/2 + [[Rozll z172) 1 Ro1 — Rozll 1/2-
(2.161)

The continuous correspondence between different fibers is given by symmetry trans-

formations.

Proof. Firstly, applying the comparison Lemma 2.5 yields

[(R1,m1) — (R2,m2)|ly < CllRo1 — Rozll g1/2- (2.162)
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The comparison Lemma 2.5 also implies
|h(Ro1, W1) — h(Ro2, Wa)| < Cd| Ro1 — Rozll g1/2- (2.163)

Taking 0 proportional to ||Ro1|| et | Roz|| j71/2 leads to the second conclusion. O

In particular, this shows that the map F given by (2.153) is locally Lipschitz contin-
uous. We explore its properties further, beginning with a definition and a preliminary

lemma.

Definition 2.3. Given two Banach spaces A and B, a map f : A — B s analytic if it

admits a Taylor series expansion:

fla) = fo+ fi(a) + fa(a,a) + ..., (2.164)

such that for eachn fy is n-linear and there exist constants C, Co such that || fn|| g4on_, 5 <
C1C%.

A similar definition can be given for differentiable, C"" class, and smooth maps. Fur-

thermore, the definition naturally extends to manifolds.

Lemma 2.9. The map F : Ny x R — H/2,
F(W,R,h) =W + R+ hFT(W), (2.165)

is locally a real analytic diffeomorphism in the neighborhood of each point (W, R,0).

Proof. Let Wy = W(m) and consider the differential of F, given by the linear map
dF |(W0,R0,h0): RS X N()(W()) X R — H1/2,

dF |(woy. Ry hg) (67, 0R, 6h) = (dxWo)dm + 6 R + (5h)F(Wo) + ho(dr '+ (Wp))dr.
(2.166)
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That dF is bijective at points where hg = 0 follows from the following identity:

U = Py(Wo)¥ + Pe(Wo)¥ + P—(Wp)¥ + Py (Wo)¥
= S (W EH(W)O Wy + (Pe(Wo) + P (W) W+

(2.167)
fE{Oé7F,1}k,Dk}
+ag (W, iogF~ (Wo)) F T (Wh),
This leads to an explicitly constructed inverse for the linear map: if
U = dF |y, Ry.hg) (070, 6h), (2.168)

then

om = (<\I/7 EOZ(WO))? <\Ilv EF(WO)>7 <\II7 Evk(W0)>7 <\Il7 EDk, (WO)>)7
SR = (P(Wp) + P_ (W))W, (2.169)
Sh = ag (W, io3F~ (W))).

The local invertibility of the nonlinear map F follows by the inverse function theorem.

Smoothness follows by inspection of the explicit forms of 9 Wy and 9y F T(Wo).

Next, we consider the analyticity of F, which is closely tied to that of the soliton
W (r), of its derivatives, and of the eigenvectors F'* (W (7)), considered as functions of

the parameters 7.

The analyticity of the soliton was shown by Li-Bona [LiBo], but we need a stronger

statement than the one proved in their paper.

Lemma 2.10. Given an exponentially decaying solution ¢ of equation (0.3)
_A¢(> O[) + 042¢<-, O[) = ¢3('7 O{),

the soliton

w(r)(z) = T gz — D, ) (2.170)
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15 a real analytic function of m in any Schwartz class seminorm S. Furthermore,

|00 0,

Bp
" aDkkwnsgclc'f' I1 s (2.171)

fE{Oz,Uk}

We distinguish between two kinds of parameters in the definition of = (2.170). In the
parameters « and vy, the proof makes it clear that the domain of analyticity is not the
whole complex plane, but only a strip along the real axis. In the parameters [' and Dy,
on the other hand, the soliton extends to an analytic function of exponential type in the

whole complex plane.

Proof. To begin with, we show that w is an analytic e~ (1-€)lz ‘Lgo—valued map. Since the
derivatives of an analytic map are also analytic and Op, w(m) = =0z, w(r), by iterating

it follows that arbitrarily many derivatives of w(7) are analytic maps into this space.

The real analyticity of w is equivalent to its complex analyticity and the joint complex
analyticity is equivalent to separate analyticity in each variable. Given that ¢(-, a) decays

a?—¢)

exponentially at the rate e ( | |, by the Agmon bound, we can extend w to an analytic

function for all I' and on the strip {v | |Imv| < ?}. This proves analyticity in regard to
I' and v.

Analyticity in the other two variables, D and «, requires that we show that ¢(-, 1) is
an analytic function in the spatial variables, in the sense that there exist constants Cy

and Co such that for every multiindex 8 = (Byy, Bvq, Bvg)
18]l < C|BICy. (2.172)
¢ is exponentially decaying, |¢(z)| < Ce_(l_f)m, and satisfies the equation

—A¢+ ¢ =g(9), (2.173)
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3

where g(z) = z° is an analytic function. Differentiating 3 times, we obtain

(—A +1)(8°¢) = 0% (g 0 §)
Kl
=3 3 %99V o). (2.174)

J=1B1+...+8;=P

In the proof we make the more general assumption that ¢ is analytic and its derivatives

grow subexponentially, meaning that there for any C4 > 0 there exists ('3 such that
199 (0)] < 504, (2175)
It follows that for any Cy > 0 there exists Cs3 such that, for fixed f € H2,

19 o fl ;2 < C5C4. (2.176)

This property characterizes not only polynomials such as the case of interest, g(z) = 23,

but also functions of subexponential growth, such as g(z) = cosh(y/z).

To avoid complications, we present the argument in the algebra H2. We prove by

induction on || that, for properly chosen Cy and Cy,

18l

C1C
P < 72 2.177
1079 72 < BPAT ( )

Indeed, assuming that this induction hypothesis holds for all indices up to |3|, we obtain
that

1076|| ;4 < Cll(—A +1)(8°9)]| 2

¥ C'4C'1 (
< CCqC .
< CC30, E: Z (1612 +1) .- (I6;12+ 1)

j=1 51+...+5j=5

Observe that

;;)(k2+1)((n—k)2+1) S2ir (2.179)



CHAPTER 2. THE NONLINEAR RESULT o4

By induction, we obtain that

2 : <5 (2.180)
”1+...+n:n<n%+1>'...~(n2,+1)_n2+1‘ )
Therefore .
CC’gClﬁl
10760171 < BR+1 2(60401) (2.181)

=1

By making Cy sufficiently small and Co sufﬁciently large, we obtain that the sum is

uniformly bounded, regardless of |3|, and

|ﬁ| C C|ﬁ|+1
\ﬁl2 +1~ W +1°

107 ¢]| 4 < (2.182)

This proves that the induction assumption also holds for derivatives of order |3| + 1.

The preceding proof shows that ¢(- — D) is an analytic H 2_valued map. However, the

argument works for any algebra A containing ¢ and with the property that

ldflla < Cl(=A+1)flla. (2.183)

This means that the algebra A has to be invariant under convolution with the kernels

wkefl‘ﬂ gjk67|x|

2.184
B T RP (2.184)

Note that the algebra A = e~ (1=9)lzl Lo fu1fills both requirements. Thus, ¢(- — D) is an
A-valued analytic map. This ensures the joint analyticity of w(m) given by (2.170) in the
variables D, v, and I' around the point ¢ = w(1,0,0,0). By symmetry transformations,

this implies analyticity around any other point.

Concerning «, observe that the derivative with respect to a is given by the generator

of dilations, which is a combination of multiplication by x and taking the gradient V:

Oad = 1o+ V. (2.185)
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Therefore, analyticity in « follows from that with respect to to D and v.
If W is analytic, so are its derivatives up to any finite order, enabling us to conclude

that W is analytic in any Schwartz class seminorm. ]

In a similar manner, the analyticity of F'™ (W (7)) as a function of 7 reduces to that
_l’_
of a fixed eigenfunction F*. FT = ({

7 +) (see Section 2.2) satisfies the equation

(A—1+200)f" + 62 F =ioft. (2.186)

Knowing that ¢ is analytic, proving the analyticity of fT proceeds in exactly the same
manner as above.

Clearly, if W () is analytic then so are its derivatives up to any finite order. The
same goes for F* (W (n)) and its derivatives. This immediately implies that F' is real

analytic. ]
Lemma 2.9 has the following immediate consequence:

Proposition 2.11. F given by (2.153) is locally one-to-one and its inverse (defined on
its range) is locally Lipschitz.

Proof. The local invertibility of F follows immediately from the previous lemma. Indeed,

one has

F(R,W) = F(W, R, h(R,W)). (2.187)

For a sufficiently small ég, h(R,W) is close to zero and the previous lemma applies.
In order to establish the Lipschitz property for the inverse, we can simply ignore the

parameter h. ]

Another consequence is that, if a function is sufficiently close to the manifold M of

solitons, we can project it on the manifold as follows.

Lemma 2.12. For every soliton W there exists § > 0 such that whenever ||\I/—W||H1/2 <
d there exists Wy such that Py(W1)(¥ — W1) =0 and

19 = Will 1o < CIE =W 1. (2.188)
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Furthermore, W1 depends Lipschitz continuously on V.

Again, following the use of symmetry transformations, § can be chosen without regard

for W.

Proof. If § is sufficiently small, & = F(W7, R, h) for some (W1, R, ) close to (W,0,0) by

Lemma 2.10. Since the inverse of F is bounded,
W =Will g2 + Bl 12 + [h] < Cl[ ¥ = W g1/2 < C6. (2.189)

Since R € Ny(WW1), by definition Py(W7)(¥ — Wq) = 0.
To a first order W — W/ lies in a direction tangent to the soliton manifold M, meaning

within the range of Py(W7), so by means of a Taylor expansion we obtain

11 = Po(W))W = Wi)ll g2 < CIIW = Wil - (2.190)

Thus

V= Will 12 = (1 = Po(Wi)) (¥ = Wil 172

< O =W g1/0 + (1= Po(W))(W = W1)|[ 412 (2.191)
<O =Wl gaja+ W = Wil o).

On the other hand,

, 2
W = Wil 2 < (N = Wiz + 19 = Wil g1/2) (2.192)
< O =Wl 172 + O3 = Wil

For ¢ sufficiently small, the conclusion follows. ]

This lemma would be superfluous if Py were an orthogonal projection and the constant
could be taken to be one then. Also note that in this generality the conclusion still holds

for W1/2’6, with the same proof.

Definition 2.4. By small asymptotically stable solution we mean one that can be written

as W(t) = Wxr(t) + R(t) where Wi (t) is a moving soliton governed by the parameter path
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7 as in (1.24) and

IR, ™)l x = [IR]] 1726 + 171 < do- (2.193)

L;;OH%/QQL%WJC

X is the space that appears in the contraction argument, see (2.59).

We can rewrite any small asymptotically stable solution ¥ as W (t) 4+ R(t) such that

the orthogonality condition is satisfied:

Py(W (7(£)))R(t) = 0. (2.194)

Following Lemma 2.12; R(t) is still small in the space L;?OH%Q N L%W%pﬁ.

Furthermore, Wi (t) depends Lipschitz continuously on W. Writing the modulation

equations explicitly as in (2.21), it follows that ||7| 1 is small too.
t

Thus, it makes no difference whether we assume the orthogonality condition initially,
as part of Definition 2.4, since we can produce it in this manner. We arrive at the same
definition with or without the orthogonality condition, though it may be for different

values of d.

Clearly, every solution with initial data on the manifold N is small and asymptotically

stable. A partial converse is also true.

Proposition 2.13. If U(0) is the initial value of a small asymptotically stable solution
U in the sense of Definition 2.4 to equation (0.1), then ¥(0) € N.

Proof. Write W = Wir(t) + R(t), satisfying the orthogonality condition
Py(Wx(t))R(t) = 0. (2.195)
By Lemma 2.9, there exist Ry € Ny(Wx(0)) and h such that

R(0) = Ry + hoF T (W, (0)). (2.196)
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Then, we note that both the initial data
U (0) = Wr(0) + Ro + ho T (W5(0)) (2.197)
and the initial data
U(0) = Wr(0) + Ro + h(Ro, Wx(0)) F* (Wx(0)) (2.198)
give rise to small asymptotically stable solutions, in the form
(t) = Wr(t) + R(t), U(t) = Wx(t) + R(t). (2.199)
The perturbation Lemma 2.5 then applies, implying that

”(R7 7T) - (R7 7~T)||Y < 05”(R7 7T) - (R7 7~T)||Y' (2'200)

Otherwise put, we obtain that (R, 7) = (R, 7). Applying the lemma once more, it follows
that the h values coincide as well, that is hg = h(Rgy, Wx(0)). Therefore

W (0) = ¥(0) = Wx(0) + Rg + h(Rg, Wr(0)F T (Wr(0)) (2.201)

and thus ¥(0) belongs to N. O

Corollary 2.14. If U is a solution to (0.1) whose initial data W(0) belongs to N, then
U(t) also belongs to N for all positive t and for sufficiently small negative t.

Proof. Clearly, both for positive ¢ and for sufficiently small negative ¢ W(t) exists (due
to the local existence theory, for negative t) and gives rise to a small asymptotically
stable solution. Then, the previous proposition shows that W(¢) must still be on the

manifold. O

To recapitulate, we have investigated the properties of five maps that describe the
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solution of the nonlinear problem (0.1), namely

h(Ry, Wp) : Np — R, (2.202)
F(Ro, Wy) : No = N, F(Roy, Wy) = F(Wy, Ry, h(Ro, Wy)), (2.203)

and the solution itself,

U = U(Ry, Wo) : Ny — LPHY? 0 L2 wi) = wa(t) + R(t),  (2.204)

— 7(Ro, Wp) : Ny — W, (2.205)

1/2 6/5

R = R(Ro, Wy) : Ny — LHY? 0 1.2 (2.206)

It turns out that all five are real analytic and one can also replace Ny by NV — change

the variable to W(0), that is.

Proposition 2.15. For fized Wy there exists p > 0 such that the maps h, F considered
1/2 , (R, ) regarded as a map into Y (see (2.109)), and ¥, seen
as map into etp(LOOHI/2 N L2 1/2 ), are real analytic in the variable Ry on the fibre
No(Wp) or, equally, in the variable W(0) on the fibre N'(Wp).

as a map into etpLOOH

Letting W(y vary, note that the dependence of these maps on W (across the different
fibers of V) is given by symmetry transformations, which are also analytic in a properly
considered setting.

Also note that the analytic dependence of the solution on initial data and the analyt-
icity of the manifold are closely tied to that of the nonlinearity in (0.1). If the nonlinearity
were of class C*, we would expect that the manifold and the dependence on initial data

would also be of class CF.

Proof. Firstly note that, since F is analytic, it suffices to show that h and (R,7) are
analytic.

The proof consists in the following steps: firstly we exhibit the first-order differential of
h and (R, ) and show that it satisfies the definition of differentiability, meaning that the
remainder in the Taylor expansion is quadratic in size. By recursion, we then introduce

the n-th order differentials for arbitrary n.
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Finally, we show that differentials and remainders in the Taylor expansion grow in
norm at most exponentially, enabling us to conclude that h and (R, ) equal the sum of

their own Taylor series within a sufficiently small convergence radius.

To begin with, for given initial data Wy = W (my) and Ry, denote the corresponding
solution to (0.1) by ¥ = Wi+ R. R and 7 satisfy the equation system, in the form (2.33),

i0,R + Mr()R = F(r, R),

) (2.207)
f=F¢(mR), fe{a, v, Dy},
where
Hr(t) = Aos + Vz (1),
x(t) 3+ Vr(t) (2.208)
F(m,R) = —iLzR+ N(R,Wz) — Nz (R, Wp),
and we introduced the notation
4&||WW||2_2(<R, (dﬂEf(Wﬂ'))ﬁ>
—i(N(R, W), Z¢(Wx))), fe{a, T
Ff(?T, R) = L (N( ) f( 7)) { } (2.209)
2||W7r||2 (<R7 (dWEf(WW>)7T>
\ — UN(R,Wr),Z§(Wx))), [ € {vg, Di}-
The initial data are given by
R(0) = Ro + h(Ro, Wo) FH (W), =(0) = mo. (2.210)
This setup makes the orthogonality condition
<R(t),Ef(W7r(t))> =0 (2.211)

valid for all times. Indeed, it holds initially at time ¢ = 0 and equation (2.207) ensures

that it still holds at any other time. We aim to find an infinite expansion of the form
R=R'+R 4R+, m=n"+nl 4722+ ., h(Ry,Wy) =h0+nl+n%+. .., (2.212)

where R" = n!d"R, 7" = nld"7, and A" = n!d"h are the n-th order terms in the power
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expansions of R, w, and h, given by n-linear expressions in Ry, such that

0 1
IR—R’— R -R",, (o EM i/ S On||Ro||”1/2,
||7T i 7-1_0 _ 7T1 _ i || tle < Cn”ROHn Ay (2213)
[h—h? = ht = = "] < Col | Roll"F -

Showing, in addition, that Cj, < C1CY for some constants C'1, C'y and every n guarantees

the analyticity of R, mw, and h.

For technical reasons, it is easier to construct the differentials and prove analyticity

at zero. Analyticity will then follow at every point within the radius of convergence.

The constant terms in the expansion are
RY(t) =0, #°(t) = mo = (1,0,0,0), h¥ = 0. (2.214)

The natural guess is that first-order differentials R! and 7! satisfy the following lin-

earized version of (2.207):

i R" +H_o(t)Rt = (0-F (", R") ! + (0 F(7°, R*))RY — (02 V. 0)(t)7 R”

) (2.215)
fl = (aﬂFf(ﬂ-O? RO)>7T1 + (aRFf(ﬂ'Oa RO))R17 fe {Oé, L', g, Dk}7
with initial data
RY(0) = Ry + W' FH (W), =1(0) = 0. (2.216)
It is important to note that, because RO =0, 7Y = 0, the following terms cancel:
(0=V,0) ()7 RO = 0, 0z Fy(x”, R%) = 0, OpFy(x", R") = 0, o1

0, F(n°, R% =0, opF(x", R") = 0.

This improvement only holds when taking the differential at zero and is due to the fact

that the nonlinearity is of order higher than two.

It follows that 7! = 0 and

i0;R* +H_o(t)R* = 0. (2.218)
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The orthogonality condition

(R, Z¢(Wz)) =0 (2.219)
becomes
(RLZp(Wo0)) + (R, (02 (W,0)7h) = 0; (2.220)
consequently it still holds for R
(RYZ4(W o)) = 0. (2.221)

By means of Strichartz estimates we obtain, in the same manner as in the proof of stability,
that R1 is bounded for a unique value of A and then it satisfies

IR

. . < C||Rpl| ; . 2.222
Lo a2 l/26 S 1 Roll 172 (2.222)

Note that [|[RY|| . . be made arbitraril 11, but [|#1]| ;1 = 0.
ote that || HL%)OH;/20L%W%/2’6 can be made arbitrarily small, but ||7 HL%

To show that R! thus constructed and 71 = 0 are indeed the first-order differentials
of R and m, consider

St=RVO4+ R vt =70 4 7L, (2.223)

If F(m, R), Vr, and Fy(m, R) were differentiable, it should be the case that

FsY = F(RY 7% + (0, F(n%, RO))a! + (0p F (7%, RY)R' + 01 (R, o),
Vzl = V7r0 + (97TV71_()7T1 + 02(71'1),
Frst, 81 = Fp(n R + (0 Fp(n%, RO)xt + (0gFy(n°, RY))R! + o3(R', 7).
(2.224)
In fact, even more is true: all three quantities are analytic, as one sees by examining their

explicit forms.

The main issue is that the soliton W (t) depends not only on the values of 7 and 7 at
time ¢, but also on the integral fg 7(s)ds. Thus, even though W; depends analytically

on m, each derivative produces a factor of ¢.
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In this setting, the error terms in (2.224) are quadratic:

oy (R, 71| 1/2,6/5 = CH(Rlﬂl)H%(

(0 LFWa
||02(7Tl)H<t>L§o(W1/2,6/5—emwl/2,6/5+6) < C|I(RY, 7H1% (2.225)

los(RY )y 11 < CICRY DI

Therefore
i St + He (1) ST = F(21, 81 + O*(RY, 1) 220
fsr = Fp(h, 8+ OHRYL 7Y, [ € {o, D vy, Dy}, |
where 02, O?c are error terms bounded by
2/pl 1 2/pl 1 1 _1y2
|0°(R", ™ )||<t>L%W%/2,6/5 HIOFES 7)1 < CES, 7)1 (2.227)
Following (2.221), S' fulfills the orthogonality relation
(SH(t), 2 (Wyi (1)) = 0. (2.228)

Comparing the equation system (2.226) satisfied by S L and =1 with the one satisfied by
R and 7, (2.207), we obtain that

IR, =) — (51, 2Y)ly < CII(RY, 7% < ClIRoll%1o- (2.229)

The proof exactly follows that of Lemma 2.5.

We repeat this procedure for the higher-order terms in the expansion. Let n > 1 and
consider a variation 7 = 70 + 67 of 70 such that 67(0) = 0. Recall that solitons depend

analytically on parameters: for any Schwartz seminorm S,

ldgW (x%)(6m)) |5 < CLC5nl|| 677 (2.230)
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However, by (2.171) only derivatives in « and v produce a factorial contribution:

o Bv /BD
o5 ot oo ks < crcl’ TT 8y

fe{avg}

Thus we obtain for W_g given by (1.24) and (2.30)

Wo(t) = (;28) ,
! t t
wﬁo(t)—w<a0(t),f‘0(t)+/0 ((go(s))Q—\UO(S)F)ds,UO(t),D(t)+2/O WV(s) ds)

— and likewise for ;W o, F' Jr(I/VWO), and all other quantities that depend on the moving

soliton — the following explicit expression of analyticity:

o Buy. AD .
162 aﬁFavkkaD:Wﬂo(t)@w))HS < IT s I %1671 (2.231)
fE{a,Uk} fE{F7Dk}

As noted before, this is an improvement over mere analyticity (and one that is necessary
in the sequel), in that, while in half the variables W is only analytic on a strip, in the
other half W extends to an analytic function of exponential type on the whole complex

plane.

At our discretion, we pick parameters a and a; such that a < a1 < o(a(t)), for any
time ¢, where «(t) is the scaling component of 7(¢) and 7 is any path that appears in

this proof (their scaling parameters are uniformly bounded away from zero). Define the

weights
n .
{at)?
An(t) =" < elat) (2.232)
7=0
Then (2.231) implies
Woo=Woh+Wlh+... (2.233)

such that in any Schwartz seminorm S, in the space variables only,

W2 (0m)l| 4, 9y L505, < C1CE 1677 (2.234)
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This immediately yields a power series expansion for V o:
0 1
Vo=Vo+Vio+..., (2.235)
with Vﬁ) n-linear for each n and

||V7:‘0(57r) < C1CY |67 ||T- (2.236)

||An (t)L?O(W1/2v6/5*6mW1/2,6/5+6)

The weights Ay (t) given by (2.232) have the property that

i Aj(8) Ap_j(t) < C™ An(t). (2.237)
=0

Consequently, consider the spaces 0, 1An(t)L%. In this setting, for

mi+...+my =m, (2.238)

and given n path variations dmy to dmp such that om; =0, j = 1,n, one has that

[V (0my, .. . ,0mn)| 4 1,059 (V7 1/2,6/5—€Tir1/2,6/5+e) =
Nl s :
< C109 ”57T1||Am1(t)L% el ”57T7I||Amn(t)L%'
Considering the explicit form of F(R,m) and Fy(R, ), note again that
F(R, 7% = dF(R°, 7% = 0, Fy(R",x%) = dF(R°,x%) = 0. (2.240)

This is due to linearizing around zero (RO =0, 7 = 0), starting from a nonlinearity of

order higher than two.

In fact, one needs to take two derivatives in R or 7 before arriving at a nonzero

derivative of F' or Fy. We obtain the power series expansion

F=F'+F'+. . Fp=F}+F+.., (2.241)
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where F" and F}} are n-linear and, for X defined by (2.59),

E™] 217265 < C1OY(0R1, 6m)l x - - .. - [[(6 R, 0mn)| X,
An—2()LWa (2.242)
1P yozt € CLCEIGRL T - [(5Rn. bm)x

The gain from n to n — 2 is due to the fact that the order of the derivative in 7 is two

less than the total order.

In the scale of weighted spaces
X" = {(R,7) | R € An(t)(LPHY? 0 L2WE0) 4 € An(t) L]y (2.243)

and with the notation

mi+...+mpy =m, (2.244)
one also has that
| E" 1/26/5 < C1C31[(0Ry, 0m1) || xmy -« - [[(6 Rp, d7n) || xmn
A2 LW/ (2.245)
1F .yt < CLCBI R m)llxoms - (0 Ro, m)xmn.

Then, in the Taylor expansion of F'(7, R), where 7 = 4rl4.  and R = RO4+R+. ..

are functions of Ry, the n-th order term is

f Yo FI((RMa™M),. . (R, 7). (2.246)

Jj=1lni+...4+n;=n

By writing only the n-th order terms in the Taylor expansion of (2.207), we see that R"
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and 7" fulfill the equation

n
iR +H oR"=>_ > FI(R™M,7™M),... (R", "))
Jj=2n1+..+n;=n

-3 Y @vomEm,... 7R (2.247)
J=lni+..+n;+n=n

=Y X F(EA (R A"))

j=2 ny+...+n;=n

with initial conditions R™(0) = h"FT(Wj) and 7"(0) = 0.

Since the expansion is around zero, note again the cancellations of all terms containing
RO or #0;
F 0 50)= 0, F} |20 poy= 0 (9V,0) (7" RO = 0. (2.248)

This means that highest-order terms, depending on R™ and 7", are completely absent
from the right-hand side, which is consequently given by combinations of lower-order

terms.

We assume that the induction hypothesis
ICR™, 7" | xym—1 < K1k [[Roll'1 /o (2.249)

holds for every m < n and some constants k; and k9 to be established later. Then the

right-hand sides of equations (2.247) obey the bounds

1/2,6/5 =

i > Fj((Rnl,ﬂnl),...,(R”j,w“j))H

Jj=2n1+...+n;=n

Ap_1 () L2Wy
(2.250)

n
Z Cok1)T Ky 170l %1
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and likewise for the other two terms, that is

n
Y Y @vomEm,.. 7R .
j:1n1+...+nj+ﬁ:n " Ay (t )L2W1/2 ,6/5
n (2.251)
Z Cok VR |1 Ro %1
respectively
n .
Z Z F}((Rnl,ﬂ-n1>7...’(an77'('nj))‘ <
J=2n1+...+nj=n An—l(t)L%
(2.252)

n
Z Caky) kY IR0l /2

Importantly, summation starts from j = 2 on the right-hand side, because the terms

involving first-order differentials vanish, following (2.248).

The powers of ¢ add up in correctly, since

n
j=2+) (nj—-1)=n—-2<n-1 (2.253)

By making kq sufficiently small, we can get the sum 2?22((]21{:1)j to be bounded and

small without regard to n and thus we can put
~1.2
CRLkS (1 Rol 1 /25 (2.254)

with arbitrarily small C, on the right-hand side of (2.250-2.252).

At this point we solve the equation system (2.247) for R" and 7" in the — by now —

customary manner. For the modulation path 7", (2.252) is exactly the estimate we need.

We split R" into its projections on the three parts of the spectrum, absolutely con-
tinuous, null, and imaginary, and estimate each separately in the weighted Strichartz

norm.

As previously (see (2.65-2.68)), we first apply a unitary transformation U(t) to the
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equation, such that

Z(t) = U@t)R™(t) (2.255)
W (r%) = U)W o

In case of (2.247), this transformation takes a particularly simple form, as o and 0 are

constant.

For the projection on the continuous spectrum P.(t)Z(t), Strichartz estimates lead

directly, for an arbitrarily small constant C, to

[1Pe(@) Z(1)]] .1/2

< CE2ERIRoII™ , . 2.256
An() (150 < Ckiky || Boll /2 (2.256)

ArZ/20)

Concerning the projection on the imaginary spectrum, note the convolution estimate

t
/ e~010=5) A (5) ds < CA(H),
0 - (2.257)
/ €a1(t—S)An(s) ds = / e M5AL(t+ s)ds < CAp(t).
t 0

Since the right-hand side manifests only polynomial growth, it follows that there exists
a unique subexponential solution to the ordinary differential equation that describes the
projection on the imaginary spectrum, corresponding to a suitable value of the parameter
h'.

Then we obtain, for an arbitrarily small constant C,

< Ck{kS || Rol" (2.258)

1P (D) Z(0)] "

- 1/2 - 1/2,6
An()(LHY L2y %0)

The orthogonality condition is fulfilled approximately, in the sense that

(R = (W) + Y ST (BL(E (W) (@M, 7)) = 0. (2.259)
j:1n1+...+n]~+fz:n

Under our induction hypothesis, this is enough for an appropriate bound on the P com-
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ponent: for arbitrarily small C,

[Po(t)Z ()]l 1/2,6

: i < CKIRE [ Roll": 1 - 2,260
AL HY 2 r2vil/28) = CRLk [ Roll% 12 (2.260)

)

In conclusion, for the unique suitable value of the parameter A" and for an arbitrarily

small constant C,

IR 7™ xn-1 < CRIKIIROI" o (2.261)

By setting k1 sufficiently small, we obtain

[CR™, 7 -1 < 1RSI 1 o (2:262)

In order to compensate for the smallness of k1, we also need to set ko to be large, so that

the initial condition for induction
IR, 7Y o < kika|[Roll g1 /2 (2.263)

is verified.

Next, we verify that R"™ and n'* are indeed the n-th order terms in the power series

expansion of R and w. Denote
S"=RO4R ¢+ 4R Y=l (2.264)

We obtain that, up to an error O™+ of order n+ 1, S and " solve an equation system

of the form (2.226):

i0pS"™ + Hyn ()S™ = F(E", 8™) + 0"+

) (2.265)
fxm = Ff(E”,S”) —l—O?H_l, fe{a, v, Dp},
with error terms of size
1 1
IIO"HH@WL%W%/z,a/sa + HO?+ H<t>NL% < CHRoHZ-;/z- (2.266)

Following a comparison in the exponentially weighted space Y between (S™,%") and
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(R, ), we obtain that

(R, m) — (5", Z")[ly < C(”)HROHZ;}y (2.267)
This concludes the proof of analyticity for R and 7.
Finally, recall that, by (2.99), h(Rg, Wy) has the formula

h(Ro, Wp) = — /0 T e oo RN AT (g (Wi (1))~

— 3a(t)(a(1) MR, iy (Welt))+ (2268)
+ (a(t) TR, ioz(dx F~ (Wx(1)))7(£))) dt.

Since all the components that enter this formula are analytic and grow in time more slowly
than €@ we directly obtain a power series expansion for h.

Alternatively, we can write & = h? + Al + ... and find each term A" as the initial data
of (R",7") in equation (2.247). A" is the unique value that makes the solution bounded.
By (2.268), it follows that for each n A" is given by an n-linear form in R, whose norm
grows only exponentially with n.

Following a comparison between (S™,¥") and (R,7), we obtain as a byproduct an
estimate for the difference

lh— (B + ... +h")| < clcguRonyl}Q. (2.269)

This gives us another way to establish the analyticity of h. O

2.6 The centre-stable manifold

Finally, we state the connection between the manifold N issued by our proof and the

centre-stable manifold of [BaJo].
Proposition 2.16. N is a centre-stable manifold in the sense of Bates—Jones.

Proof. To begin with, we rewrite equation (0.1) to make it fit the framework of the theory
of Bates—Jones [BaJo].
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Consider a soliton Wi (t), described by the constant path mo(t) = (1,0, 0,0) (without

Wi (1) = <€it.¢('i1) ) (2.270)

for all ¢. Linearizing the equation around this constant path yields, for B = ¥ — Wx,,

loss of generality). Thus

equation (2.17), which in this case takes the form

OrR — iHry R = N(R, WWO)' (2.271)
Making the substitution
Z =e "93R, (2.272)
we see that
107 + H(W (m9))Z = N(Z,W(mg)), (2.273)
where
A+2¢2(a1)_1 ¢2(a1)
H(W =H= 2.274
and
112, 240 1) 2.0
N(Z,W(m)) = 2% = 276( 1) = 2z, 1) . (2.275)
‘Z|2Z + Z2¢<'7 1) + 2’2‘2¢('7 1)

Note that the right-hand side terms are at least quadratic in Z, due to linearizing around
a constant path.

The spectrum of H is o(H) = (—o0,—1] U [1,00) U {0, +ic}; for a more detailed
discussion see Section 2.2. The stable spectrum is —io, the unstable spectrum is io, and
everything else belongs to the centre.

One can check that all the conditions of [BaJo] are met in regard to (2.273), leading
to the existence of a centre-stable manifold in this setting. This was done by [GJLS].

Indeed, in the Banach space X = H® s > 3/2, H is a closed, densely defined operator
with the required spectral properties. The nonlinearity N(Z1, W (m)) has the Lipschitz

property with arbitrarily small constant, since H® C L is an algebra:

IN(Z1, W(mo)) = N(Z2, W(m0))l| rs < Cmax([|Z1]| s, | 22l as)l| 21 — Zallgs- (2.276)
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We have also exhibited another stable manifold, N' C H 1/2 given by Definition 2.2,
which is invariant under symmetry transformations and under the time evolution induced
by (0.1). Our claim, which we prove in the sequel, is that ¥ belongs to this manifold if
and only if Z belongs to the other one, that is

N=N-0, &= (¢(" 1)) (2.277)

is a centre-stable manifold for (2.273) relative to a neighborhood V of 0, namely V = {7 |
1Z]| 172 < do} for some small dp.

The main difference between the two results is that HY/2 is not an algebra, so the
conditions for Bates—Jones’s result, Theorem 1.4, are not met in this space. Indeed, if
¢ € HY? it does not follow that W2y € H /2 much less that this nonlinearity is

Lipschitz continuous (see Condition H3 preceding Theorem 1.4).

However, even though the hypothesis fails in H 1/ 2 the conclusion of [BaJo] — the
existence of a centre-stable manifold NV — still holds, following a proper use of Strichartz
inequalities.

To show this, we verify the three properties listed in Definition 1.1: N is t-invariant
with respect to a neighborhood of ®, 7¢(N') contains a neighborhood of 0 in X¢ @ X,
and N N W% = {0}.

The t-invariance of N relative to V follows from definition (see the introduction) and

Proposition 2.13. Indeed, the invariance established by Corollary 2.14 is strictly stronger

than t-invariance, as it holds globally in time.

The fact that 7¢(N) contains a neighborhood of 0 in X¢ & X¥ is a consequence of
the local invertibility of F established in Proposition 2.11.

Finally, we show that NN W% = {0}, where W is the unstable manifold of the
equation (the set of solutions that decay exponentially at —oo). To this purpose, in the

sequel we follow the proof of [Bec| with slight modifications.

Consider a solution Z0 € NNW™ of (2.273), meaning that Z° is defined for all ¢ < 0,

12°0)] 12 < do (2.278)
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for some small dy and all negative ¢, and Z¥ decays exponentially as ¢ — —oo, meaning

that for some constants C; and Cy and t <0
12°t) | 1/0 < CreCet (2.279)

(even though polynomial decay is sufficient for a contradiction). Using Strichartz esti-

mates for the free Schrodinger evolution, we obtain that for every T'

Z0 . <C||2° 1/9- 2.280
H HL%(T,T—H)W%/276 H ||Lt°O(T7T—|—1)H3,13/2 ( )
Therefore, for T' < 0,
Z0 . < 2T, 2.281
| HL%( ﬂWg}/z,ﬁ > Le ( )

Thus, ¥(t) = 93 20(t) + Wi, (t) is a small asymptotically stable solution of (0.1) in

a sense similar to Definition 2.4, but as t goes to —oo.

Therefore, for ¢ < 0 one can write ¥ = R(t) + Wx(t), such that the orthogonality

condition
Po(Wx(t))R(t) =0 (2.282)
is satisfied and for 7" < 0
T\ 9 < CO . . < 2T, 2.2
IR(T)| 172 < €0, ”R||Lfo(—OO,T}H%/QﬁLg(—oo,T]W:g/Q’G <Ce (2.283)

The path 7 satisfies the corresponding modulation equations and

1713 ooy < CeC2l (2.284)

Since ¥(0) € N, the path 7 extends to all positive times and R extends to a solution

bounded in the Strichartz norm:

|2l 1/2

o— /2 < C6 (2.285)
t ) X x

ﬂL% [0,00)
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As in previous arguments, let U(t) be the family of isometries defined for 7

U(t) = eJo20()V +i(0%(5) — lo(s)P)og) ds (2.256)

and set
Z(t) =U(t)R(t). (2.287)

Then Z(t) satisfies the equation
ihZ —Ht)Z = F. (2.288)
Decompose Z into its projections on the continuous, imaginary, and zero spectrum of
H(t) and let

oT) = ||Z||Lfo(—oo,T]Hl/zﬂL%(—oo,T]W%/ZG + ||7T||L%(_007T}. (2.289)

xT

Observe that 6(t) — 0 as t — —o0, so we can assume it to be arbitrarily small.

By means of Strichartz estimates one obtains that

P.(t)Z . : < C||F . :
|7e(®) HLL?(—oo,T]Wj/Q’Gngo(—oo,T]Hgi/2 <l ||L§(—oo,T]W§/2’6/5+Lg(—oo,T]Hi/Q
<CiT)||Z .
A P
(2.290)
because the right-hand side contains only quadratic or higher degree terms.
Let
P Z(t) = b_(t)F~(t) + by (1) F T (2). (2.291)

Since Z(t) is bounded as t — —o0, we can use Lemma 2.4 for ¢t — —oo and obtain

b_(t) = — /t e_a(t_s)N_(s) ds
e (2.292)

T
by(t) = ety (T) — / =57 N (5) ds.
t
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Therefore

1B e o ygie S CUNPZDN s+ 6D e (2299

We have constructed Z such that the orthogonality condition holds, so
Py(t)Z(t) = 0. (2.294)
Putting these estimates together, we arrive at

g2 s cOMIZl /2 7+ 1P+ Z(T)| 1/2)- (2.295)

121
7O (—00,T] 2 (—00,TH

For sufficiently negative T, it follows that [| Z(t)[| ;12 < C|P+Z(1)]| g1/2, for any ¢ < Tp.
The converse is obviously true, so the two norms are comparable.

Furthermore, by reiteration one has that
(I = PL)Z(@)] g1y2 < COOP+Z ()] g1/2- (2.296)

Next, assume that Z(0) is on N, meaning that Z(0) + ® € V.

If the size dy that appears in Definition 2.4 of A is sufficiently small, it follows that
||Z(t)||H1/2 is bounded from below as ¢t — oco. Indeed, to a first order, Z(t) is given by the
time evolution of the initial data, following (2.218), and this expression cannot vanish.

On the other hand, Lemma 2.4 implies that

1P 2Ol < [ e ING )] ds (2.297)

and thus ||P+Z(t)||H1/2 goes to zero and can be made arbitrarily small as ¢t — oo.

Lemma 2.4 of [BaJo] implies, under even more general conditions, that if the ratio
1P+ Z(T0) || gy1/2/ I = P4) Z(To) | g1/2 1s small enough, it will stay bounded for all ¢ < Tp.
The proof of this result is based on Gronwall’s inequality.

However, this contradicts our previous conclusion (2.296), stating that

(I = Pp) Z(WO) g2/ 1P+ Z@) || 12 < CO(F) (2.298)
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goes to 0 as t goes to —oo. Therefore, Z can only be 0.

This proves that A”NW* = {0}. In other words, there are no exponentially unstable
solutions in A in the sense of [BaJo]. The final requirement for A" to be a centre-stable

manifold in the sense of Definition 1.1 is thus met. O]

2.7 Scattering

Strichartz space bounds and estimates imply that the radiation term scatters like the

solution of the free equation, meaning
—itA
T(t) =€ ¢ Tfree + OH1/2<1) (2299)

for some 7 fp.¢. € a2

As a reminder, R satisfies the equation (2.17)
i0tR —Hr(t)R=F, (2.300)

where Hr(t) = Aos + Vi (t), and R has finite Strichartz norm,

R . . < 2.301
| HL?OH;/QQL%WQ%/Q,G 00, ( )
while F' has finite dual Strichartz norm,
F : < 0. 2.302
| ||L%W;/2,6/5 o0 ( )
Rewrite (2.300) as
i0tR — AosR = F — Vi (t)R. (2.303)

By Duhamel’s formula,

R(t) = e A% R(0) — i / A3 (R(5) — Vi(5)R(s)) ds. (2.304)
0
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Let
w .
Rfvee = R(0) —i / (DTS (B (1) — Vi (H)R(L)) dt. (2.305)
0
Then
. . m .
R(t) — e tAU3 Ry, = io~itA0s / ¢i5803(P(s) _ Vo (s)R(s)) dt. (2.306)
¢
Note that
| E=VaR]| 5. 1/26/5 <
2w/
Ve (2.307)
§|’FHL%W§/2,6/5 + HVW‘|L?O(W%/Q,G/S—emW%/Q,G/S—i-e)HR”L%W%/2,6 < 00.
implies
X[ 00) (8)(F'(s) — Vn(S)R(S))HLth;/z,s/s = 0. (2.308)

e~ A3 being an isometry, it follows that R(t) — e~#A03 Rfpee — 0in o2,

This leads to the desired conclusion, upon passing to the scalar functions r and 7 f,.,

where R = (i) and Rpee = <ifree>.
r T free
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We seek a dispersive estimate for the linear time-dependent equation. The highest-order
terms we need to take into account are of the form v(¢)VZ(t), where 0(t) is small in the
L' norm. Z is a solution of the Schrédinger equation and thus has a finite Strichartz

norm.

We study the scalar case as a simplified model, together with the nonselfadjoint case

in which we are properly interested.

The first piece is an ad hoc Wiener Theorem for abstract spaces, which requires some

background.

3.1 Motivation

As motivation for this approach, consider the linear Schrodinger equation in R3
107 +HZ = F, Z(0) given, (3.1)

where

H=Hy+V=-A4+V (3.2)

in the scalar case and

A 0 Wil W
H=Hy+V = s LMl (3.3)
0 —-A+4up ~Wo W]

in the matrix nonselfadjoint case, in which we really are interested for the nonlinear
applications. W7 is always taken to be real-valued and the same is true for W5 in the case

of interest in the current work.

79
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By Duhamel’s formula,

Z(t) = ™M 7(0) — i / t e t=8IM () ds
0 (3.4)

| - t
—oz(0) i [ HIMop(s)ds 4 [ oy z(s)as
0 0

In addition, for any multiplicative decomposition V' = V1 V5 of the potential,
) t t )
VoZ(t) = Vh (e“fHOZ(O) —i / lt=5)Ho () ds) +i / (Vae! =)Moy )Wy Z(s) ds. (3.5)
0 0
In the scalar case we are especially interested in the decomposition
V=iV, Vi = |V[2sgnV, Vo = [V|!/2 (3.6)

In the matrix nonselfadjoint case (3.3), an analogous decomposition is

1/2 1/2
Wil Wy (Wil W
V=WV, V=03 _ Vo= __ ’ (3.7)
Wa  [W1] Wa  [W1]
where o3 is the Pauli matrix
1 0
03 = (() 1) . (3.8)
Consider the kernel defined by
! i(t—s)H
T F)O = [ (el MoV 1o (s) ds (39)

Thus, at least formally we can write

. t
VoZ(t) = (I — iTy,y;) Vo <e“HOZ(0) —i /0 t=5)Ho () ds). (3.10)

If the operator I — Ty, v, can actually be inverted, then the computation is justified. In

the sequel we set forth conditions under which this happens.
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3.2 Abstract theory

Let H be a Hilbert space, L(H, H) be the space of bounded linear operators from H to
itself, and M;H be the set of H-valued measures of finite mass on the Borel algebra of R.

M H is a Banach space, with the norm

n
12l a1 = sup { Z (Al g | A disjoint Borel sets}. (3.11)
k=1

Note that the absolute value of u € MyH given by
n n
|| (A) = sup { Z (A | U A = A, A; disjoint Borel sets} (3.12)
k=1 k=1

is a positive measure of finite mass (bounded variation) and ||u(A)|| g < |u|(A). By the
Radon—Nikodym Theorem, pu is in M H if and only if it has a decomposition

= ool (3.13)

with |u| € M (the space of real-valued measures of finite mass), poo € Lcol?m( t)H :

Furthermore, ||u[|p, g = |||12f||ps and the same holds if we replace H by any Banach

space.

Definition 3.1. Let K = L(H,M¢H) be the algebra of bounded operators from H to
M H.

It has the following natural properties, which are, yet, not completely trivial:

Lemma 3.1. K takes MyH into itself by convolution, is a Banach algebra under con-
volution, and multiplication by bounded continuous functions (and L°° Borel measurable

functions) is bounded on K :

1kl e < I lloollF Il - (3.14)

Furthermore, by integrating an element k of K over R one obtains fR ke L(H,H), with

I g Kl o,y < IRk -
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Proof. Boundedness of multiplication by continuous or L functions follows from the
decomposition p = pg|p| for p € MyH. The last stated property is a trivial consequence
of the definition of My H.

Let p € MyH, k € K. Consider the product measure i first defined on product sets
Ax B CRXxRby i(Ax B) = k(u(B))(A). This is again a measure of finite mass,
it € My sH, and

1l ag g < 1R llell ay - (3.15)

We then naturally define the convolution of an element of K with an element of MyH, by
setting k(u)(A) = a({(t,s) | t +s € A}).
Thus, each k£ € K defines a bounded translation-invariant linear map from M;H to

itself:
k() a1 < 1kl &Ml a1 (3.16)

The correspondence is bijective, as any translation-invariant & € L(M¢H, MyH) defines an
element k € K by k(h) = k(6;—oh). These operations are indeed inverses of one another.
Associativity follows from Fubini’s Theorem. K is a Banach space by definition. The

algebra property of the norm is immediate from (3.16). [

Remark 3.2. The Wiener algebra K characterized above is the widest among several
spaces that arise naturally. Another choice, Ky, comes from replacing My, the space of

measures of finite mass, with Ltl in Definition 3.1.

The Beurling subalgebras By o arise by substituting Ltl with its subspaces (t)aLf , for
a 1

a§0,1§p§oo,§+—>1. (3.17)
p

We may strengthen L(H, MyH) to MyL(H, H) and likewise for all the other examples,
thus obtaining a different family of strong algebras that we respectively denote by K,
Kig, and Bp gs.

Among these algebras, only K and Kg are unital. However, adding the unit (the
identity operator) together with its multiples to any of the other algebras considered above
gives rise to unital algebras in that case as well. We use a subscript u to mark these, e.g.

Bp@su-
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Returning to K, note that, due to our choice of a Hilbert space H, if k € K then
k* € K also.

Define the Fourier transform of any element in K by
T = / e~ dk (1), (3.18)
R

This is a bounded operator from H to itself. By dominated convergence, 7{:\(/\) is a strongly

continuous (in A) family of operators for each k and, for each A,

Ik | r—m < Ikl & (3.19)

This follows from (3.14).

The Fourier transform of the identity is 7(\) = I for every ; k= (E)* Also, the
Fourier transform takes convolution to composition.

Trivially, if a kernel £ € K has both a left and a right inverse, they must be the same,
b=bxI=0bx(k*B)=(bxk)*xB=1xB=0B.

As usual, fix a continuous cutoff x supported on a compact set and which equals one

on some neighborhood of zero. We also specify that the inverse Fourier on R is

1

() = o /R A F(N) dA. (3.20)

Theorem 3.3. Let K be the operator algebra of Definition 3.1. If A € K is invertible
then 121\()\) is inwvertible for every X. Conwversely, assume 121\()\) is inwvertible for each M,

A=1+1L, and

lim [ L(- +¢) = Ll =0, lim [|(1 —x(¢/R))L{t)l|lx =0 (3.21)

—00

Then A is invertible. Furthermore, if L is in any of the aforementioned unital subalgebras

of K (K1y, Bpau, Ksu, etc.), then its inverse will also belong to the same.

Further note that the set of equicontinuous operators, that is

{L ] lim [L(-+¢) - Ll = 0} (3.22)
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is a closed ideal, is translation invariant, contains the set of those kernels which are
strongly measurable and L (but can be strictly larger), and I is not in it. We could,

though, form a Banach algebra F consisting of just multiples of I and this ideal.

Likewise, the set of kernels L that decay at infinity, that is

D=A{L]| lim lxy>pL®)lx =0}, (3.23)
— 00

is a closed subalgebra. It contains the strong algebras that we defined above. Note that
for operators A € D the Fourier transform is also a norm-continuous family of operators,

not only strongly continuous.

As a final observation, the construction will ensure that, if L belongs to the intersection

E N D and is invertible, then its inverse is also in it.

Proof. The proof goes through the usual paces. Firstly, if A is invertible, that is Ax A~ =
A=Y % A =1, then applying the Fourier transform yields

—_

ANATIN) = A TWAWN) =T (3.24)

for each A, so A()) is invertible.

Conversely, assume E()\) is invertible for every A\. Without loss of generality, we can
take A to be self-adjoint and non-negative for every A, by replacing A with A * A*. Then
at each A A()) is invertible and bounded if and only if

inf  (f,A\)f) > 0. (3.25)
1f1l =1
Fix A\p € R. With the help of a smooth cutoff function x of compact support, equal to

one on some neighborhood of zero, define

~

A = (1 (A

D)1+ (20 A0 Al (3.20)

€

We next prove that A¢ is invertible. Without loss of generality we can take Ay to be zero.
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For any kernel B € K that decays at infinity (B € D, that is, in our previous notation)
and for e = %Xv(e-),

— 0. (3.27)
K

v B0 = xat0) [ Bsys

This follows, as usual, by fixing some large radius R and integrating separately within

and outside that radius:

Ix|s/>rB() Kk = 0, (3.28)

<|Bllk -

sup (xe(t) _X6<t_s))HL1 — 0. (3.29)
[s|<R t

H /|5|§R(xe(t) — Xe(t —s))B(s) ds .

Thus x¢ * B gets close to the operator

o [ o) (3.30)

whose norm equals || xel|1]|B(0)|| 57—z

If |B(0)|| < 1/C, where C = IXell;1 is a constant independent of scaling, then

¢
1 — xe * B is invertible for small enough €. If we only assume that ||B(0)|| < 1, then we
replace B by B" for some large n in the above and get that 1 — x * B" is invertible for

small €. This implies that
I (CARINEY: (3.31)

is invertible.

We choose the cutoff function x in the above so that not only does it have compact
support, but it is smooth as well. Then, for ye = %Xv(e-) and for large finite n, (X?)l/”
is a smooth compactly supported function and its Fourier transform is integrable. This

makes the inverse of (3.31) belong to the algebra K, as required.

In particular, this applies to B = I — A¢. Indeed, since j()\) is positive and invertible,
it follows that
(I = A)"0) =1 - A(0)/[All g (3.32)

is nonnegative and strictly less than one. Thus there exists an operator (namely A¢) whose

Fourier transform equals that of A on some neighborhood of Ag and which is invertible.
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We have to consider infinity separately. Let
ARV = (1= x(\/R)AM) + x(V/R)I. (3.33)
The difference between Ap and [ is given by
(I —xg)* (I —A), (3.34)

where xp = % x"(R-). At this step we use the equicontinuity assumption of the hypoth-
esis, namely

lim [|(I — A) — (I — A)(- + )| s = 0. (3.35)

e—0
Since x g is a good kernel, we separate it into two parts, away from zero and close to zero,

and obtain

lim sup HX[—e,dXR * (1 —A) — (/RX[_E,G]XR)(I — Al = 0e(1),

R—o0 (3.36)
im0 = X(eq)xall =0
Therefore
lim ||[(I —xp)*(I—A)|xg=0. (3.37)
R—o0

Thus we can invert Ap for large R. It follows that on some neighborhood of infinity the
Fourier transform of A equals that of an invertible operator.
Finally, using a finite partition of unity subordinated to those neighborhoods we have

found above, we explicitly construct the inverse of A. Indeed, consider a finite open cover
of R of the form .
R =Dy U | Dy, (3.38)
j=1
where D; are open sets and Do is an open neighborhood of infinity. Also assume that
for 1 < j < n and for j = co we have Al = g]_l on the open set Dj. Take a smooth

partition of unity subordinated to this cover, that is

1= ij, supp xj C D;. (3.39)
J
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Then the inverse of A is given by
Al = Zyj *A;1+(1_Zyj)*Agol. (3.40)

Given our use of smooth cutoff functions, this construction also preserves the subalgebras

we defined. O

We are also interested in whether, if A is upper triangular (meaning that A is supported

on [0,00)), the inverse of A is also upper triangular.

Lemma 3.4. Given A € K upper triangular with A=Y € K, A~ is upper triangular if
and only if A can be evtended to a weakly analytic family of invertible operators in the
lower half-plane, which is continuous up to the boundary, uniformly bounded, and with

uniformly bounded inverse.

Proof. Given that A~! and A are upper triangular, one can construct /Al(/\) and ﬁ(}\)
in the lower half-plane, as the integral converges there. Strong continuity follows by
dominated convergence and weak analyticity by means of the Cauchy integral formula.
Furthermore, both 121\()\) and /Z*\l()\) are bounded by the respective norms and they are
inverses of one another.

Conversely, consider A_ = X(—oo,O]A_l- On the lower half-plane, /T_\l = (A\)_l is
uniformly bounded by assumption. Likewise, A4 is bounded as the Fourier transform
of an upper triangular operator. Since A_ = A — A4, it too is bounded on the lower
half-plane.

However, A_ is lower triangular, so its Fourier transform is also bounded in the upper
half-plane. By Liouville’s theorem, then, A_ it must be constant, so A_ can only have

singular support at zero. Therefore A is upper triangular. ]

In none of the above did we use compactness or the Fredholm alternative explicitly.
(Still, it is interesting to note that a subset of L%H is precompact if and only if its elements
are uniformly bounded, equicontinuous, and decay uniformly at infinity — conditions that
we actually employed).

We next apply this abstract theory to the particular case of interest.
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3.3 The free evolution and resolvent in three dimensions

We return to the concrete case (3.2) or (3.3) of a linear Schrédinger equation on R3
with scalar or matrix nonselfadjoint potential V. For simplicity, the entire subsequent
discussion revolves around the case of three spatial dimensions.

We mainly consider L? estimates, with no derivatives, which are the most natural.
However, for the nonlinear problem, the most relevant are H1/2 estimates, involving half-
derivatives.

In order to apply the abstract Wiener theorem, Theorem 3.3, it is necessary to exhibit

an operator-valued measure of finite mass. Accordingly, we start with the following:

Proposition 3.5. Let Hg be as in (3.2) or (3.3), that is

A 0
Ho = —A or Hy = a .
0 —A+p

Then
m .
160 gt < g5 (3.41)

Thus, the free time evolution €70, when considered between the proper spaces, is
indeed an operator-valued measure of finite mass. As a reminder, LP9 are Lorentz spaces

(see Appendix A); LP*° is also known as weak-LP.

The proof produces a stronger result, namely

2 sup €0 00 < Cllf p6s5.1- (3.42)
nez ~ te[2m2ntl)

Proof. We provide two proofs — a shorter one based on real interpolation and a longer
one, using the atomic decomposition of Lorentz spaces (Lemma A.2), that exposes the

proof machinery underneath.

Following the first approach, note that by duality (3.42) is equivalent to

2n—|—1

(™0 f, g(t))] dt < Cllfllpeysallall | e/50 (3.43)

LiLy

S

n
nez 2
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6/5,1 70/5:1
holding for any f € L /51 and g€ Lt
From the usual dispersive estimate
—itA 2(1-2
le™" 3 flly < P2 £ (3.44)
we obtain that
2n+1 ‘
[ Hemos.glen)ar < 223 gl . (345
on tw

Restated, this means that the bilinear mapping

T:LPx LiLE — 63/ _3/2 (following the notation of Proposition B.3),
antl (3.46)
T = (Th)nez, Tn(f,9) = /2n <eZtH0f, g(t))dt

is bounded for 1 < p < 2.

Interpolating between p = 1 and p = 2, by using the real interpolation method (The-
orem B.2) with §# = 1/3 and ¢ = g2 = 1, directly shows that

1 72 1
T: (L L)y 31 % (Li Ly, LiL3) 131 — (£ 57200 )1/3.1 (3.47)
is bounded. By Proposition B.3,
(LY L)y 31 = L8/5:1,

76/5.1
(Li Ly LiL3) /31 = Li(Ly, L3)1 3.1 = Li La o1, (3.48)

1
(€579, €6 )1/3.1 = 1-
Hence T is bounded as a map from L6/5.1 « L1 6/5’ to E%, which implies (3.42).

The alternative approach is based on the atomic decomposition of 16/5:1 By Lemma
A2,

F=2 ajaj,g(t) = Brt)bg(t), (3.49)

JEZ keZ
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where a; and, for each ¢, by(t) are atoms with

p(supp(a;)) =20, ess sup |a;| = 2759/6,

k —5k/6 (3:50)
p(supp(by (1)) = 2", ess sup by (1)] = 277/
(here 4 is the Lebesgue measure on R3), and the coefficients aj and [ (t) satisty
Z lajl < Cllfll e Z 1Bk (@)] < Cllg@)]l /5,1 (3.51)
JEZ keZ
Integrating in time and exchanging summation and integration lead to
(0. 9]
> [ ot <l s (3.52)

Since (3.43) is bilinear in f and g, it suffices to prove it for only one pair of atoms. Fix

indices jg and kg € Z; the problem reduces to showing that

n+1 . 00
(€700, By (0)bg (1)) dt < C /0 by (1) d. (3.53)

2
>
nez 2"
The reason for making an atomic decomposition is that atoms are in LY N L™, instead

of merely in L/ 5L enabling us to employ both LY to L™ decay and L? boundedness

estimates in the study of their behavior. For each n one has

2n+1 .
L €™ 000 5y (0 () de < 025l sup gy 01 [

2n

2n+1
| B (8]

n+1
= ca g/l [ © g o) ar

(3.54)

as a consequence of the L1 — L decay estimate. At the same time, by the L? bound-
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edness of the evolution,

2n+1 . 2n+1
L 0 iy 0y () < Clalzsup gy ()] |

27’L

| Bk (8] dt

it (3.55)

— 02 Jo/39—ko/3 /2n | B, (1)] dt.

Using the first estimate (3.54) for large n, namely n > jg/3 + ko/3, and the second
estimate (3.55) for small n, n < jo/3 + ko/3, we always obtain that
27’L+1 2n+1

| e a dg by @nde < 2 [ g wlan @50

Multiplying by 2" and summing over n € Z we retrieve (3.53), which in turn proves
(3.43). O

The resolvent of the unperturbed Hamiltonian, Ro(\) = (Hg — A) ™1, is given by

1 @i)‘|x_y‘
Ro(\? = 3.57
003w = - (3.57)
in the scalar case (3.3) and
e~V A2 +2p|z—y| 0

RoW 4 )ay) == | Y (3.59)

’ 47T O eiMm_y' '

[z—y|

in the matrix case (3.2).

In either case, Ro(\) = (Hog—A)~!is an analytic function, on C\ [0, 00) or respectively
on C\ ((—oo, —p] U [p,00)). It can be extended to a continuous function in the closed
lower half-plane or the closed upper half-plane, but not both at once, due to a jump

discontinuity on the real line.

The resolvent is the Fourier transform of the time evolution. We formally state this

known connection between %0 and the resolvent Ry = (Hg — \) 71
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Lemma 3.6. Let Hy be given by (3.2) or (3.3). For any f € LS/51 and X in the lower
half-plane, the integral
p . .
lim e Mo £ gy (3.59)

P—X Jo

converges in the L5 norm and equals iRy(\) f or iRy(A —i0)f in case A € R,

Furthermore, for real X,

: P — it JitH : : :
lim e e f dt = i(Ry(A —i0) — Ro(A +140)) f, (3.60)

p— J_,

also in the L& norm.

Proof. Note that (3.59) is dominated by (3.41),

o M
/0 1M £ 0. (3.61)

and this ensures its absolute convergence. Next, both (3.59), as a consequence of the
previous argument, and iRy(A +40) are bounded operators from L6/5:1 4o 162 To show

that they are equal, it suffices to address this issue over a dense set. Observe that
p . . . . . .
/ e~ itA—i€) ity £ gy — iRy(\ —ie)(f — e_”)()‘_“)ewHOf). (3.62)
0

Thus, if f € L2 N L%/ 51 considering the fact that e#*0 is unitary and Ro(X — ie) is
bounded on L2,
p . N
lim [ e ®O=€etMo f gt — iRy(N — ie) f. (3.63)

=2 Jo
Letting € go to zero, the left-hand side in (3.63) converges, by dominated convergence, to
(3.59), while the right-hand side (also by dominated convergence, using the explicit form
(3.57)-(3.58) of the operator kernels) converges to iRy(A —i0) f. Statement (3.60) follows
directly. ]
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3.4 The exceptional set and the resolvent

We explore further properties of the resolvent in the L2 setting. Important in this context

is the Birman-Schwinger operator,
fVQ,Vl ()‘> = iVQRO()‘>V17 (364)

where V' = V1 V5 and Vi, V5 are as in (3.6) or (3.7).
The relation between the Birman-Schwinger operator and the resolvent Ry = (Hg +
V —A)~lis that

Ry (\) = Ro(\) — Ry(MVi(I + VaRo(A\)V4) " TVaRp(N) (3.65)

and

(I + VaRy(MVI) ™t =1 — VaRy (MVA. (3.66)

Note that, for V € LS/Q’OO, VaRy(M\)V; is L?-bounded for every value of X. At the
HY/? level, assuming that V' = V1V and Vp, Vo € Hl/Q, it follows that fvzyl()\) is
H'/2_bounded.

Indeed, making use of the sharp form of the Sobolev embedding H 1/2 L32 it follows
that Ro(A\)V1f is in W1/26 A L% for f € HY2 and therefore, by the fractional Leibniz
rule, Vo Rg(A)V7 f is in H1/2 again.

However, to avoid such endpoint-related complications, in the sequel we assume when
proving H1/2 estimates that V = ViVo with Vq, Vo € Wl/22+en gl/2,

The Rollnick class is the set of measurable potentials V' whose Rollnick norm

V V
L (3.67)
R3)2 |z — Y]

is finite. The Rollnick class R contains L3/2. For a potential V' € R, the operator fV27V1
described above is Hilbert-Schmidt for every value of A in the lower half-plane up to
the boundary. We obtain that T Vy,V; 1s compact whenever V' is in L3/2:° and can be

approximated by bounded compactly supported functions.
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Definition 3.2. Given V € L3/2, its exceptional set € is the set of A in the complex plane
for which I — ifV%Vl (X) is not invertible from L? to itself.

Other choices of V; and V5 such that V = Vj Vs, Vi, Va € L3 lead to the same operator
up to conjugation.
Below we summarize a number of observations concerning the exceptional sets of

operators in the form (3.2) or (3.3).

Proposition 3.7. Assume V € L3/2 is a potential as in (3.2) or (3.3) and denote its

exceptional set by £.

€ is bounded and discrete outside o(Hg), but can accumulate toward o(Hgy). €N
o0(Hp) has null measure (as a subset of R). Elements of £\ o(Hg) are eigenvalues
of H="Ho+ V.

o [fV is real-valued and scalar as in (5.2), then the only possible exceptional value
in 0(Hg) is zero (the endpoint of the spectrum) and & is located on the real axis.
If V is scalar as in (3.2) and complez-valued, then embedded exceptional values can

occur, but only zero can can be an eigenvalue.

o IfV is real and matriz-valued as in (3.3), then embedded exceptional values must be
eigenvalues, except for the endpoints of o(Hy), which need not be eigenvalues. If V
is complex matriz-valued as in (3.3), there is no restriction on embedded exceptional

values.

o IfV is complex scalar as in (3.2) or complex matriz-valued as in (3.3), then & is
symmetric with respect to the real axis. In case V is real-valued and as in (3.3), €

15 symmetric with respect to both the real axis and the origin.

Proof. By the analytic and meromorphic Fredholm theorems (for statements see [ReSi3],
p. 101, and [ReSi4], p. 107), the exceptional set £ is closed, bounded, and consists of at
most a discrete set outside o(Hg), which may accumulate toward o(Hg), and a set of

measure zero contained in o(H).
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Assuming that V' € L3/2 is real-valued and scalar, the exceptional set resides on the
real line. Indeed, if A is exceptional, then by the Fredholm alternative ([ReSil], p. 203)
the equation

f=-VaRy(MV1f (3.68)

must have a solution f € L2. Then g = Ro(A\)Vif is in |[V|72L5/52 ¢ 62 and satisfies

g=—Roy(MVy. (3.69)

If X € £\ o(Hp), the kernel’s exponential decay implies that A is an eigenvalue for H

and that the corresponding eigenvectors must be at least in <V)72L6/ 52

Furthermore, by applying Hg — A to both sides we obtain
(Ho+V —X)g=0. (3.70)

In the case of a real scalar potential V', Hg + V is self-adjoint, so this is a contradiction

for A € R. In general, exceptional values off the real line can indeed occur.

Next, we analyze exceptional values embedded in o(Hg). In the real scalar case (3.2),
the reasoning of Goldberg—Schlag [GoSc] (see Lemma 9 there) implies that zero is the
only possible embedded exceptional value. Indeed, take A > 0 to be an exceptional value

for V e L3/ 2 which is real-valued and scalar. Then the pairing
(9. Vg) = (Ro(A£i0)Vg,Vg) (3.71)

is well-defined and yields a real value. Therefore @(5) = 0 on the sphere of radius
€] = V/\. Following Proposition 7 of [GoSc], for 1 < p < 4/3, 5 =1/2 —1/p > 0, and

any function h whose Fourier transform vanishes on the sphere,
(@)~ 2O Ry (A & i0)hll2 < Cllp. (3.72)

Setting h = Vg, we infer that <x)_1/ 2404 ¢ L2, Then, one can apply lonescu—Jerison’s
result of [IoJe] and conclude that g = 0.
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In the scalar case (3.2), if V € L3/2 is not real-valued, then the exceptional set need

not consist only of eigenvalues or zero. Rather, the opposite is true:

Lemma 3.8. Consider a real-value or complex-valued potential V € L3/2. Then there

ezists z € C such that 1 is an embedded exceptional value for the potential 2V .

Here 1 can be replaced with any other number in (0, 00).

Proof. Let Hy = —A, Ry(A) = (Ho—\) "L, Vi = [V|Y/2, Vo = [V|Y/2sgn V, and consider
the equation

f=—2VoRo(1 —i0)V1 f (3.73)

for = € C. The existence of a nonzero solution f € L?(supp V) is equivalent to —1/z
being in o(VoRy(1 —i0)V7), by the Fredholm alternative.

The spectrum of VoRg(1 — i0)V4, as an operator on L2(supp V), is nonempty by
Liouville’s Theorem. We next ascertain whether 0 € (Vo Rg(1 — i0)V7).

If 0 € o(VaRy(1 — i0)V7), then for some nonzero f € L?(supp V)

VoRo(1 —10)V1 f =0. (3.74)

This would immediately imply that (V4 f, Rg(1—i0)V; f) = 0 and consequently (V3 f)"(¢) =
0 on the sphere || = 1.

Let Ro(1 —i0)Vif = h € L5. h has the property that (—A — 1)h = Vi f and Vih =0
almost everywhere. We infer that h € WZQO’CG/ % and h(z)(=A — 1)h(z) = 0 pointwise in =
almost everywhere.

Consequently, —A|h|? < 2|h|? almost everywhere and thus |k is a continuous function.
Therefore, the set on which h # 0 is open and there one has (—A — 1)h = 0. It follows
that h is continuous and it is analytic on the set where it is nonzero.

Furthermore, since gradients vanish on the inverse of small sets (Theorem 6.19, Lieb
and Loss p. 154 [LiLo], following Almgren-Lieb), Ah = 0 almost everywhere where h = 0.
It follows that —Ah = h almost everywhere. Therefore Vi f = 0 almost everywhere. This
contradicts our assumption that f # 0 in L2(supp V).

Thus 0 & o(VaRy(1—1i0)V7) and the spectrum must contain some nonzero value —1/z.

Then 1 — 40 is an embedded exceptional value for the potential zV . O
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[loJe] still implies in this case that any embedded eigenvalue must be zero (a solution
g of (3.69) must be zero if (z)"1/219g ¢ L2 and V € L3/2, regardless of whether V
is real or complex-valued), but one cannot always bootstrap g to this space. Embedded

exceptional values can occur, as seen previously, but they cannot be eigenvalues.

For real-valued V € L3/2 having the matrix form (3.3) we retain the other half of
the argument. [loJe] does not apply and embedded eigenvalues can occur. The half that
still applies is that any embedded exceptional values must be eigenvalues, following the

argument of Lemma 4 of Erdogan-Schlag [ErSc].

Explicitly, consider A\ € & No(Hy) \ {£p}; without loss of generality A > p. It

corresponds to a nonzero solution G € LS of
G =—Ry(A—i0)VG. (3.75)

We show that G € L? and that it is an eigenfunction of H. Let

W- W- A — 0
- (%) v= 1 2 ) gy = ju | (3.76)
92 Wy =W 0 —-A+up

where Wy and Wy are real-valued. We expand (3.75) accordingly into

g1 = (=A+ X+ p) " H(Wigy + Wage)

(3.77)
g2 = (=A — (A — p —0)) "1 (Wagy + Wiga).

This implies that g1 € LY N LS and

(g2, Wag1 + Wiga) = ((—A — (A — 1 — i0) "L (Wagy + Wiga), (Wags + Wig2)),
(g1, Waga) = ((=A + A+ 1) L (W1g1 + Wags), Wags), (3.78)
(g1, W1g1) = ((=A + X+ p) "L (Wigy + Waga), Wig1).

However,

(g2, Wag1 + W1ga2) = (g1, Waga) + (g2, W1g2). (3.79)
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Since Wy is real-valued, it follows that
(A = (A= p—i0) " (Wagy + Wiga), (Wagr + Wig2)) (3.80)
is real-valued. Therefore the Fourier transform vanishes on a sphere:
(Wag1 + Wiga)"(€) =0 (3.81)

for || = A — p. We then apply Agmon’s bootstrap argument, as follows. By Corollary
13 of [GoScl, if f € L' has a Fourier transform that vanishes on the sphere, meaning
F(€) = 0 for every ¢ such that |¢]2 = X # 0, then

[Ro(A +i0) fll2 < Cxll fll1- (3.82)

Interpolating between this and

[Ro(A£10)fll4 < Cxllfll4/3, (3.83)

which holds without conditions on f , we obtain that for 1 < p < 4/3 and for f = (0 on
the sphere of radius v\ > 0

[Ro(X £40) fll2p/2—p) < CAllfllp- (3.84)

Thus, starting with the right-hand side of (3.77) in L6/ 5 we obtain that ¢go € L3, a gain

over L2. Iterating once, we obtain that gy € L2. Therefore g is an L? eigenvector.

Thus, in case of a real-valued V € L3/? having the matrix form (3.3), the exceptional
set consists only of eigenvalues, potentially together with the endpoints of the continuous
spectrum .

For a complex potential of the form (3.3), neither of the previous arguments holds.
Embedded exceptional values can occur and they need not be eigenvalues.

Next, we examine symmetries of the exceptional set £. If V' is real-valued and scalar,

we have already characterized £ as being situated on the real line. If V is scalar, but

complex-valued, then consider an exceptional value A, for which, due to compactness,
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there exists f € L? such that
f=—VI"senVRyWIV|'/? . (3.85)

Then
(sgn V) = —|[VIY2RyN)|V[V 2 sgn V(sgn V), (3.86)

so the adjoint has an exceptional value at A. However, 0’(7/—\"/2)‘/1()\)) = J(fbeQ(x\)*), SO

all this proves that the exceptional set £ is symmetric with respect to the real axis.

If V has the matrix form (3.7), then note that oq1Voy = —V, 03Vo3 = V*, where o1

0 1
o] = ( ) , 0103 = —0307. (3.87)
10

is the Pauli matrix

Let A be an exceptional value, for which

f = —a3(03V) 2 Ry(N)(a3V) /2. (3.88)

Wy W . . .
Here o3V = is a selfadjoint matrix.

Wy Wi

Then
T = —a3(03V)Y2Ry (M) (03V) /2T

= —03(03V) 203 Ry (N)o3(03V) 203 f (3.89)
= —03(a3V) 2 Ry(N)(03V) 203 T

since Ry commutes with o3, so whenever ) is an exceptional value so is .

If V as in (3.3) is a real-valued matrix, then by the same methods we obtain that —\

is an exceptional value whenever X is an exceptional value. O

We next consider the H1/2 case. In the sequel we introduce the following notation:

p— means p — ¢, for various small positive values of e.

Lemma 3.9. Assume that V = V1 Vo and that Vi, Vo are in HY2, Then VaRg(AN)V] is
bounded and compact from HY? to itself for any X in the lower or upper half-plane.
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Proof. Boundedness follows from the fractional Leibniz formula:

IVifIliy26/54 321 < ClVill gagell 1l g2
B0 (M) flli1/2.64100 < CUA1/2.6/50 137200 (3.90)

IVifll g2 < ClVall gl f 264700

In a similar manner we get that, for V, V5 € HY/2teo n W1/2+60’2_, VoRy(AN)V7 is
bounded on H/2+€0.

Indeed, multiplication by V7 takes H1/2%€0 to VW1/2+€0:6/5 pirl/2+e0.6/5— < [3/2—
L3/2+, Then, the resolvent takes this to Jl/2+e0 600, Finally, V5 takes Wi/2+eo,6np o0
to H1/2+e0,

Compactness follows by interpolation, see Persson [Pers]. Given a mapping between
two pairs of spaces, which is compact between one of the pairs, under certain approxima-
tion assumptions it is also compact between all intermediate spaces obtained by interpo-
lation.

Take Vi, Vo € HY/2te0 n jyl/2+e0.2— The mapping is compact from L? to itself,
bounded from H/2%€0 to itself, and therefore also compact on H 172, By approximation

we obtain compactness for Vi, Vo € H 172, O

In the sequel, in order to avoid any endpoint-related complications, when proving H1/2
estimates we assume that Vi, Vo € Wl/22+e npil/22—¢
In the same manner as for L2, we define the H 1/2 exceptional set as the set of points

A where
I+ VoRy(MWp (3.91)

is not invertible from H/2 to itself. However, under reasonable assumptions they coincide:

Lemma 3.10. The L? exceptional set and the H1/2 exceptional set are the same, assum-
ing that V4, Vy € W1/2.2+eq1jy1/2.2—¢

Proof. Consider an exceptional value \, for which there exists a nonzero f € H 1/2 quch
that
f = —VaRo(AVAf. (3.92)
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Starting with f € H/2 on the right-hand side, we retrieve that f is in L3~€ on the left-
hand side. Iterating, we gain € at each step and in the end arrive at f € L3»2 N L1 ¢ L2.
Thus, the H 1/2 exceptional set is a subset of the L2 exceptional set.

Conversely, assume ) is in the L? exceptional set, meaning that there exists f € L2
such that
f=-VaRo(M)V1 f. (3.93)

Then g = Ro(A\)Vif is in LY and therefore f = Vayg itself is in L?T€. By iterating and

gaining € at each step, we eventually obtain that f is in L2 N L. One final iteration also

yields a half-derivative. ]

3.5 The time evolution and projections

Before making any further claims about the perturbed Hamiltonian, we prove the following

basic lemma, which endows the evolution /" with a precise meaning.

Lemma 3.11. Assume V € L and the Hamiltonian is described by (3.2) or (3.3). Then
the equation

i0tZ +HZ =F, Z(0) given, (3.94)

admits a weak solution Z for Z(0) € L%, F € L{°L2 and
t
120)] < MV Z) s+ [ IV TP s (3.95)
0
Proof. We introduce an auxiliary variable and write
i0Z +HoZ =F —VZ, Z(0) given. (3.96)

Over a sufficiently small time interval [T, T + €|, whose size € only depends on ||V, the
map that associates Z to some given Zy is a contraction, in a sufficiently large ball in

LfOL%. The fixed point of this contraction mapping is then a solution to (3.94).

This shows that the equation is locally solvable and, by bootstrapping, since the
length of the interval is independent of the size of F' and of the initial data Z(T'), we
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obtain an exponentially growing global solution. The bound (3.95) follows by Gronwall’s
inequality. O]

A nonempty exceptional set £ destroys Strichartz estimates, so we need a means to
project it away. In preparation, we define an algebra generated by H, then spectral

projections within it.

Lemma 3.12. Consider V € L3/2’°°, either scalar as in (3.2) or matriz-valued as in

(3.3), and x € L>*(R), such that, for some € >0, x(A\) =0 on {\| d(\,E) < ¢€}. Then

i
o

NG /R YO Ry (A +70) — Ry (A — i0)) A (3.97)

is a bounded operator from L? to itself, of norm at most Ce||x]|oo-

X(H) is defined in the weak sense that for any f, g € L2, the function under the
integral

WOL) = 3 [ XO(RVO+i0) ~ Ry = i0)fg)ar  (3.99)

1s absolutely integrable. Furthermore, these operators commute with the evolution and

with one another:
Tox(H) = x(H)e'™ = (" )(H), xa(Hxa(M) = (axe)(H). (3.99)
In particular, eitHx(H) is a uniformly L?-bounded family of operators.
Proof. Let V =V} Vs, with V;, Vo € L3, We expand the resolvent as follows:
Ry (M) = Ro(A) = Ry(MVi(I + VaRo(M V1) 'VaRg(N). (3.100)

Outside the exceptional set, which is symmetric with respect to the real axis, (I+VaRo(A+
iO)Vl)_l is uniformly bounded on compact sets as an operator from L2 to itself, so it

suffices to note that ]V\l/ 2 is an Hg-smooth operator, meaning

/ IIVIY2Ro(A % 10)£13 d\ < CF113 (3.101)
R
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Also, ((Ro(A+1i0) — Ro(A—10)) f, g) is absolutely integrable, though each of its two terms

may not be, since

/ 1 U(Ro(A 4+ 0) — Ro(A— i0))f. g)] dA

—00

< /OO %(((RO()\ +140) — Ro(A — i0)) f, f) + ((Ro(A 4+ i0) — Ro(A — i0))g, g)) dX

—00

= SUF13 + gl

(3.102)
Following this, we actually obtain an explicit constant C¢ such that
IX(F)ll2—2 < Cellx|loos (3.103)
namely
Ce =1+ ClVIl 13/2,00 - S}?))ZE (7 + VaRo(A £ i0)V1) ™ 1)[|22. (3.104)
Further note that, for any A not in the spectrum of H,
HRy (A) = Ry (MH = ARy () (3.105)

(in particular, Ry (A)f belongs to Dom(H)). Then, for sufficiently small €, due to the

need to avoid exceptional values,

R
[ XON(Ry (A +ie) — Ry (A= ie)) dA =
TJ-R

. (3.106)

_ % XN+ iRy Ot ie) = (A= i) Ry (A~ i) A

Letting € go to zero, we have convergence in the same weak sense as above. Thus we get

that, for every bounded x compactly supported away from &,
Hx(H) = x(H)H = (Ax(A)(H). (3.107)

It immediately follows that, also for bounded x of compact support away from &£, the
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evolution can simply be expressed as
T (H) = x(H)e"Tt = (")(H). (3.108)

Take f € Dom(H), that is f € L%, Hf = g € L?. Then for any x € L®(R) supported

away from &£ one has that

(X (=00, pUp.00)X) (H) f
( p/)‘> oo,—p]U[p,oo)X)(H)Hf (3.109)
( p/)‘> ,—p]U[p,oo)X)(H)g

p(X(—oo,—p]U[p,oo)X) (H)f

(
(

and is uniformly bounded in L?. Therefore (X[=p,p)X) (H) f converges to x(H)f in the L?
norm as p goes to infinity. Since Dom(H) is dense in L?, it follows that (X[=p, o) (H)

converges strongly, but not necessarily in norm, to x(H). Therefore the identity
Ty (H) = x(H)e"™ = (") (H) (3.110)

extends to x without compact support.

In order to take this strong limit, we first approximate V' by L potentials, for which
the evolution is L2-bounded. These approximations may move the boundary of the excep-
tional set by some small amount, but, since x is supported some positive distance away

from the exceptional set, this brings no prejudice.
In particular, this shows that ¢/t () is a uniformly bounded family of L? operators.

Next, for x of compact support

HA(H) = X(HH = (W) () (3.111)
implies \
Ry OoX(H) = x(H)Ry () = (5-) 0 (3.112)

for any A\g not in the spectrum. By passing to the strong limit, we remove the condition

that x should have compact support. Integrating, we obtain that for y; of compact
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support and any x2

a /R Y1) (Ry (A + i) — Ry (A — i€))xa(H) d\ =

o (3.113)
1 exa(A1) dA ) '
= — A2)dlo | (H),
(/R/RW(M_)Q)QJFEQM( 2) dXa | (H)
where we recognize the Poisson kernel. Letting € go to zero we get that
x1(Mx2(A) = (xix2)(A)- (3.114)

Then, by passing to the strong limit, we remove the condition that x; should have compact

support. O]

This leads to a natural definition of L2 spectral projections for H, on the real axis.
Namely, for a set A C R at a positive distance away from the exceptional set £, we can
define P4 = x4(H). This is a projection in the sense that Pfl = Py, but it need not be
self-adjoint.

For a clearer picture, we are also interested in the following fact. Under more stringent

assumptions, this appeared in Schlag [Sch].

Lemma 3.13. Consider V € L3/%° that can be approrimated by bounded functions.
Then for sufficiently large y

()= 5= [ Ry O i) = By (A= in)) . g) ) (3115

and the integral is absolutely convergent.

Furthermore, for every e > 0

1

(f.9) o

/R((RV()mLie) — Ry(A—ie))f. g) dA+ZP§k (3.116)
k=1

where ng are projections corresponding to the finitely many exceptional points (. of imag-
inary part greater than €.
As a consequence, the rate of growth of ||eitH||2_>2 can be given an asymptotic expan-

sion in terms of exponentials.
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Proof. Assume at first that V' € L* and take y > ||VH(1></>2 Then

(I + VaRo(A £ iy)Vy) ! (3.117)
must be invertible. Indeed, V; and V5 are bounded L? operators of norm at most HV||<1X42
and

Ro(A+i L[ 1y 3.118
IRoA il < 3= [ o de = 1722 (3115)

Therefore one can expand (I + VoRy(\ £ iy)Vl)_l into a series. Thus

Ry (A +iy) = Ry(A £ iy) — Rog(A £ iy)VRy(A £ iy)+

(3.119)
+ Ro(A £ iy)Vi(I + VaRo(A £ iy)Vi) " VaRg(\ + iy)

is a bounded L2 operator.
By Lemma 3.11
xizo(e' eV, g) (3.120)

is an exponentially decaying function and its Fourier transform is

/ T NI vy — iRy (- ig)(T = lim AT gy (3121
0 —00

Combining this with the analogous result for the positive side, we see that

((e"Me ¥ f o)) = i((Ry (A +iy) — Ry (X — 1)) f. g). (3.122)

However, assuming that V' € L3/ 2,0 now the right-hand side is absolutely integrable due
to (3.119), (3.102), and to smoothing estimates, though neither half has to be absolutely
integrable on its own. Therefore, by the Fourier inversion formula,

?

o RX()‘)«RV(/\ +iy) — Ry (A —iy))f,9) dX = ([, 9). (3.123)

We can also shift y, provided we do not encounter any eigenvalue.

From the beginning, we have assumed that V' € L°. Now consider the general case

V e L3/2% and a sequence of approximations by bounded potentials V" = V[*"V3* € L°°,
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such that ||V — V||L3/2’OO — 0 asn — oo. Let £ be the exceptional set of V. On the set
{A]d(\ &) > €}, the norm

17+ V3 Ro(VP") Ml 2 2 (3.124)

is uniformly bounded for large n. For some sufficiently high n, then, £(V,) C {\ |
d(\E) < e} If
yo = sup{|Im \| | XA € £}, (3.125)

then for any y > yo and sufficiently large n

% RX(A)((Rvn(A +iy) — Ryn(A —iy))f,9) dX = ([, 9). (3.126)

Both for V and for V" the integrals (3.123) and (3.126) converge absolutely and as n — oo
(3.126) converges to (3.123). To see this, subtract the corresponding versions of (3.119)

from one another and evaluate.

Consider V € L3/2:% approximable by bounded functions. We then shift this contour
arbitrarily close to the real line, leaving behind contour integrals around elements of the

exceptional set. It is easy to prove, in the same manner as previously, that

. R
Ho— | (By(A+iy) = Ry(h = i) f. g) dA =
. —f (3.127)
=57 | MOF )Ryt iy) = = i) Ry (A= i), 9) A
Then
eimi/R«R (A+iy) — Ry (A —i d\ =
5 | ((By(A+iy) = Ry (A —iy))f,g)
- R (3.128)
=57 | NPT RO+ i) — MO Ry (= i) ] g) d

We let R tend to infinity and obtain that the same holds for the whole contour. Indeed,

over any horizontal line A & 7y, y # 0, that does not intersect the exceptional set &, the
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integral

1RO £ i) = Ro(r £ i) f.0)| a5 < C gl (3129)

converges absolutely due to the resolvent identity (3.119) and smoothing estimates, while

the remaining part

; R
? . . . .
o | XA+ )R +iy) =x(A = iy)Ro(A = iy)) . g) dX (3.130)
converges to (x(Hop)f,g) for both x =1 and x(\) = el

Therefore ||e?M||5_,5 grows no faster than el(¥0+€) In particular, if £ is situated on

the real line, ||e*7t||o_,9 grows more slowly than any exponential. O
To conclude, we prove the following lemma about Riesz projections.

Lemma 3.14. Assume V € L3/%%°. To each element ¢ of the exceptional set of H not

in 0(Hg) there corresponds a family of operators

ph= L /|z_<|=e Ry(2)(= = Q) dz. (3.131)

¢ om
They have finite rank, Péf =0 for all k > n, for some n, P9 = (Pg)Q, and more generally
(PE)(P) = PCW .
Moreover, ng are bounded from LX4+L16/52 1 [1NL62 gnd ng“', ¢ depend continuously
onV.
In the H1/2 setting, assume that V. = ViVo, with V1, Vo € Wl/22=eniyl/22+e  Thep

Pck takes WY/26 4o W1/26/5 gng Pé“, ¢ depend continuously on V.

The H1/? estimate is decidedly suboptimal, but appropriate for our purposes.

Proof. If Ho+ V — ( is invertible, then ( is not in the exceptional set and vice-versa, as

a consequence of (3.65) and (3.66).
We form the contour integral, following Schlag [Sch] and Reed—Simon [ReSil],

1

k*— Z)IZ — k Z. .
R R L CICR (3132)
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This integral is independent of e if € is sufficiently small and PCI.“ = 0 for k£ > n. Using the

Cauchy integral, it immediately follows that (Pf)(Pf) = PCI<+€' Furthermore,

HP = P} + (P, (3.133)
Then eitHPCO can be described explicitly as

et —1 | e —1— K

M pd = e pY + P+ 5 PP+ ...
| ¢ ¢ (3.134)
M —1— @) (n=2) _, 4
pr1
Cn—l ¢

Its rate of growth is at most elTm¢lltl|¢n—1,

It is a consequence of Fredholm’s theorem that the range of Pg(“) is finite dimensional,
from (3.131) it follows that Ran(PCO) c L?n 152 Also, Ran(PCO) is the generalized

eigenspace of H — (, meaning

Ran(P{) = | Ker((H - O)F). (3.135)
k>0

One inclusion follows from (3.133) and the fact that Pg = 0 for £ > n. The other inclusion
is a consequence of the fact that, if (H — ¢)f = 0, then Ry (2)f = (¢ — 2) "1 f and, using
the definition (3.131), Pg f = f. For higher values of k£ we proceed by induction.

72L6/5,2‘

Furthermore, Ran(Pg) consists of functions in (V) If f is a generalized

eigenfunction, meaning f € L2 N L%2 and (K — ¢)"f = 0, then
(Ho+V)f=(f+y, (3.136)

where ¢ is also a generalized eigenfunction. Assuming by induction that g € (V>_2L6/ 5,2
(or is zero, to begin with), the same follows for f. Furthermore, if ¢ € L' we can infer
the same about f.

The range of (Pg)* is the generalized eigenspace of H* — (, which means that it is
also finite-dimensional and spanned by functions in L! N (V)~2L6/5:2,

Thus, each such projection is bounded from 16/52 4 [ to L1 162,
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Regarding the H1/2 case, assume that V = V Vo, with Vq, Vo € Wl/2:2—enpjrl/2,2+e,
We obtain that each generalized eigenfunction is in L1 N LN W1/2:6/5 This implies the

boundedness of PCk from W1/26 to 1i/1/2:6/5,

We next prove continuity with respect to V. Consider two potentials and their de-
composition

We express the resolvent in a manner similar to (3.119):
Ry (2) = Ro(2) = Ro(2)V Ro(2) + Ro()Vi(I + VaRo(:)V1) ™ 'VaRo(2).  (3.138)

It follows that

PEW) = PEV) = o [ (o= OF (Ro@VAT + VaRo(2)Vi) ' WaRo(2)-
Tt J|z=(|=e (3.139)

— Ro(2)Vi(I + VaRo(2)V1) " 'VaRy(2)) dz.

Keeping the integration contour fixed (¢ and € fixed), for each z on the contour one obtains

by the resolvent identity that

17+ VaRo(2)V1) " = (I + VaRo(2)V1) " la—2 < C(IVi = Vill gs.00 + V2 = Val| z3.00)

(3.140)
as long as one has
Vi = Vil 3.0 lIVall 300 + V2 = Vall 3,00 Vil 3,00 < < (3.141)
1= V13, 21113, 2= V213, 173,00 > — . .
e LA 2 (T + VaRo(2)V1) Y22
Consequently, whenever the right-hand side is sufficiently small,
IPEV) = PEW)Ilpz2.22) < CUIVE = Vil oo + V2 = Vall p3.00)- (3.142)
Likewise, at the H 1/2 1evel
|PEV) = PEWV)I e ey
’ (3.143)

< CUIVA = Villyprj22-cryirtyzare + 1V2 = Vallj1/2.2-eqpit/2.24¢):
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Following Simon [Sim], p. 819, we quote the following theorem concerning projections,

due to Kato:

Theorem 3.15. Consider two projections (not necessarily orthogonal) P and Q on a

Hilbert space, such that |P — Q|| < 1. Then there exists an invertible operator
U(P,Q)=QP+(I-Q)(I—P) (3.144)

such that
U(P,Q)PU(P,Q)"" =@, (3.145)

U(P,P)=1, and U(P,Q) is analytic in P and Q.

In particular, if P and @) have finite rank, it must be the same.

Therefore, for a fixed value of € in the definition (3.131), whenever ||[V; — V4| 13,00 T
Vo — Vall ;3,00 is sufficiently small, Pg(f/) is an operator of the same rank as Pg(V) on
L? (and likewise in the H 1/2 setting). This shows the continuity of ¢, as a multivalued

function of V. ]

Obtaining estimates in this generality can be quite complicated, especially if the ex-
ceptional set has infinitely many elements or if there are embedded exceptional values in
d(Hp). Therefore, in the sequel we make a simplifying assumption. Namely, we assume
that there are no exceptional values embedded in o(H(). By Fredholm’s analytic theorem,
this implies that there are finitely many exceptional values overall.

Then we can define P, the projection on the continuous spectrum. Let x be a function

that equals one on o(Hg) and zero outside a small neighborhood.

Definition 3.3. Assume that there are no exceptional values of H embedded in the spec-
trum of Hg. Let P. be defined as P. = x(H), for x(H) given by Lemma 3.12.

P. commutes with H, other operators in the algebra of the form 1 (H), and with et
as a direct consequence of the definition and of Lemma 3.12.
From the previous Lemma 3.13, it follows that

i

Pe=x(H)= - /O_ iy (FVO10) = Ry (= 0) (3.146)
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and [ — P, is a finite range operator,

n
[-P=PB=>)_ ng. (3.147)
k=1

P, is bounded on L2, but, since each projection ng is bounded from L + L0/52 to
L52 N LY the same holds for Py=1-PF..

Therefore P, is bounded on L9/ 54 ¢ <2 andon L59, ¢ > 2, as well as on intermediate
spaces.

The following technical lemma is important in the proof of Strichartz estimates.

Lemma 3.16. Consider V € L321(R3) and H = Hy+V as in (3.2) or (3.3) such that
H has no exceptional values embedded in o(Hy). Additionally, assume that zero is not an

exceptional value for H, either. Then there exists a decomposition
V — PyH = F1(V)F(V), (3.148)

where Py = I — Pe, such that F1(V) € L(L2, LO/5Y) Fy(V) e £(L5° L2, and the
Fourier transform of I — iTFQ(V),Fl(V) is invertible in the lower half-plane up to the

boundary, where

t .
(Try vy, 7, () F)(E) = / Ry(V)el =M gy (V) F(s) ds, (3.149)

—0Q

Furthermore, F1 (V') and Fo(V)* can be approximated in the L(L?, L6/5’1) norm by oper-
ators that are bounded from L? to (x)"NL2, for any fized N .
Assuming that V = V1 Vo with Vi, Vo € Wi/22—€n W1/2’2+E, one can take

Fi(V) € L(HY2 V|20 By(v) e (w7205, 11/2), (3.150)

such that Fy (V) is approzimable by operators in L(HY2 (x)~NL2) and Fy(V) is approa-
imable by operators in L({z)~N L2 HY?).

More generally, a similar result holds for V' belonging to the L3/2:% closure of the set

of bounded compactly supported functions.
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Proof. Consider a potential V' such that H has no exceptional values embedded in o(H).

Being a finite-rank operator, P, has the form

n
Bof =) _{f fi)on (3.151)
k=1
where f;. and g;. belong to L2 N L. Tt follows that A can be expressed as
n
Af =) aplf. S fy. (3.152)
Jk=1

Take the standard polar decomposition of P, with respect to L%
Py, =UA, (3.153)

where A = (P, Pp)l/ 2 > 0 is a nonnegative L2 operator of finite rank. A maps the span
of f;. to itself and U is a partial L? isometry defined on the range of A. U maps the span

of fi. to the span of g;. and can be extended by zero on the orthogonal complement:

n

= > uiplf fr)gj (3.154)

]{j:

From these explicit forms we see that both U and A are bounded operators from L6/52 4
L™ to L92 N L1,

Also let V = V4 Vs, where V3 > 0 is a nonnegative operator on L2, meaning (f, Vo f) >
0 for every f € Dom(Va), and V;, Va € L32.

Then, define the bounded L? operators G = Va/(Vo + A) and Gy = (HPy)/(Va + A),
initially on Ran(Va + A), by setting

G1(Va+ A)f) =Vaf, Ga((Va + A)f) = HP,f (3.155)
and extending them by continuity to Ran(V5 + A). On the orthogonal complement

Ran(Va + )t = {f | P,f =0, Vf =0} (3.156)
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we simply set G1 = G = 0. We then make the construction

V—PH=F(V)FR(V),
(V) = Va + 4, (3.157)
(V) =WVGy — Gs.

F1(V) and Fy(V) are bounded from L2 to L/%1 and from L% to L2 respectively.

We next prove that F1(V) and F5(V) can be approximated by operators in better
classes, as claimed. Firstly, consider a family of smooth compactly supported functions

Xn such that 0 <y, <1 and x, — 1 asn — oco. Let

Vi' = xaV1, Vit = xnVa,
A" = xnAxn,

1=V /(V5' + A"), G = (xnHPpxn)/(V3' + A"),
F'=W'Gl -Gy,  Fy=V'+ A"

(3.158)

It is plain that F{* and (F3)* take L? to ()N L2 We also prove that they also
approximate Fy (V) and Fy(V) in £(L?, L6/571). To begin with, as n — oo

V" = Vill o2 76751, = 0,
’ LESL™) (3.159)

||An - A||£(L2,L6/5’1) — 0.

The second statement is due to the fact that, for finite rank operators, weak and norm
convergence are equivalent. Note that I — G is also a finite rank operator, so the weak
convergence of I — G to I — G implies norm convergence also, in the E(Lz, L2) norm.

This reasoning also proves that Gy — Gg in L(L2, L6/5’1).

The same construction works in the [/1/2 case, except that we have to consider the
polar decomposition corresponding to /2 instead of L2. Keeping exactly the same
notations, let P, = UA be the polar decomposition corresponding to HY2 and let V =
V1Va, where Vi, Vo € Wl/22—€ q yl/22+e ganq Vo >0as a H1/2 operator. The last
property is ensured by (3.6) or (3.7) and is essentially a consequence of the fact that V5
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is real-valued (or self-adjoint). Setting
G1(Va+ A)f) =Vaf, Go((Va + A)f) = HP, f (3.160)

results in bounded H1/2 operators. Then take

V — PyH = F1(V)F5(V),
Fy(V) = Vo + A, (3.161)
Fi(V)=WV1Gy — Gs.

Upon inspection, we immediately see that (V) and F»(V) are bounded from |V|~1/2 16,2

to H1/2 and from HY2 to [V|~1/2L5/5:1 respectively.
Again, we use cutoffs to approximate F (V) and Fp(V), exactly as in (3.158).

Finally, we show that the Fourier transform I — ing(V), Fl(V)()‘) is nonvanishing. Let
the Fourier transform vanish at A in the lower half-plane, meaning that there exists a
nonzero f € L? such that

[ = ~B(V)RoN R (V). (3.162)

Then g = Ro(A)F1(V)f belongs to |[V|~2L6/52 and
g=—Ro(A\)(V — P,H)g. (3.163)
Applying —A + X to both sides, we obtain that
HP.g = Ag. (3.164)
Let P.g = § € |[V|72L5/52. One has H§ = A§ and thus, for f = V5§ (see 3.3),
f==VaRy(MVif. (3.165)

Therefore A is an exceptional value for H, according to Definition 3.2. Since, by assump-
tion, there are no exceptional values in o(H), it follows that g is an eigenvector of H and

therefore Ppg = g. This, together with P.g = g, implies that g = 0. Therefore A\g = 0, so
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either ¢ = 0, in which case either f =0 or A = 0.

However, we specifically assumed that A = 0 is not an exceptional value for H. It
follows that the Fourier transform of I — iTFQ(V), (V) is invertible in the lower half-
plane. O

3.6 Strichartz estimates

In the sequel, by M we designate the solution of the homogenous equation, which is
well-defined at all times as a bounded L? operator, for V € L. We extend its meaning

gradually to other cases.

To begin with, we prove the following straightforward result, which makes no use of

spectral projections.

Theorem 3.17. Consider a potential V' € L3/2’1, scalar or matriz-valued as in (3.3),
real or complex-valued, whose exceptional set £ is empty in the lower half-plane up to the

boundary. Then Strichartz estimates hold for H = Hy + V' : for the equation

i0Z +HZ =F, Z(0) given (3.166)
one has, fort >0,
120 e 3ezprse < C1ZON+1F Ny o ors2) (3.167)
and
”ZHLtng’OO < C(IZ(0)ll o1 + ||F||L1L6/5 1)- (3.168)

Suppose that V- =V1Vy and V1, Vo € Wl/22—€eq1yl/2.2+4¢ Then, assuming there are no

H/2 exceptional values in the lower half-plane or on its boundary, fort > 0

12| 1726 < C(I120)] g2+ I1F [y L2W1/26/5) (3.169)

L rY 2w,
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Proof. Take a multiplicative decomposition V = V; V5 with V1, Vo € L32 and let

3 )
(Tvy, 1, F)(2) =/ Vae! =)Moy, F(s) ds. (3.170)

—0Q

If the exceptional set is empty, then
(7 + VaRo(MV1) ™22 (3.171)

is bounded in the lower half-plane up to the boundary. Therefore, one can approximate V'
in the L3/ norm by L°° potentials whose exceptional sets are still empty (in the lower
half-plane). If the conclusion stands for each of these approximations, then we pass to the
limit and it also holds for V' itself. Likewise, we can approximate F' by functions located
in L%L%. For these approximations, Lemma 3.11 provides the evolution with a natural
meaning in L;‘;OCL%.

Firstly, we need to establish that Ty, y, € K, where K is the Wiener algebra of
Definition 3.1. By Proposition 3.5 and Minkowski’s inequality, we see that 7' given by

t
TF(t) = / elt=3)Ho p(5) ds (3.172)

takes L%Lg’l to L%Lg/ 5% Therefore

t
Ty, v, F(t) = / Vae! =) Ho v, F(s) ds (3.173)

—0oQ

takes L%L?r to itself and, for the Hilbert space L%, belongs to the algebra K of Theorem
3.3. Following Lemma 3.6, the Fourier transform of Ty, y; is given by

Ty, v, (A) = iVaRg(M7. (3.174)

Having an empty exceptional set £ simply ensures that [ — z'fV27V1 (A) is invertible in the
lower half-plane.

Furthermore, for V;, Vo € L3¢, Ty, v, decays at infinity like |t|~17€ in norm. By
approximating in the L3:2 norm, it follows that Ty, v, belongs to the subalgebra D C K
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of kernels that decay at infinity for any Vj, Vi € L3:2.

Likewise, assume V7, Vo are smooth of compact support. Then for each ¢

|(Vae™ 98V — Ve AV flla < C A le AV F| Lo (3.175)

loc

and therefore

t . .
/}mwaWMqu—wammmﬂuﬁ

t 1/2
< Cel/4t1/2(/ HeﬂmVlszl/z dt) / (3.176)
—t

loc
< O f]la.
Since Ty, y; decays at infinity, (3.176) implies that Ty, v, 1s equicontinuous. Again, by
approximating we find that the same holds for any Vi, Vo € L32.

Therefore I — Ty, y, satisfies all the hypotheses of Theorem 3.3, with respect to the
Hilbert space L? and the algebra K of Definition 3.1. Given that £& = @, one can invert

-1

and (I — iTVg,Vl) is an upper triangular operator in K by Lemma 3.4.

Let 77y, and Ty 1 be respectively given by

(T1 v, F)(t) = / " it ViF(s)ds (3.177)

—0

and
t

(Tyy 1 F)(t) = / Voe (=510 () dis. (3.178)

—00

Now write the evolution as

Z(t) = M0 7(0) + /0 t =0 p(s)ds + Ty vy (1 — Ty vs) " Ty 1 (F + 810 2(0)).
(3.179)
By Strichartz estimates, it follows that Ty, ; takes right-hand side terms in the Strichartz
space and L? initial data, F + dt—0Z(0), to L%L%’l C L%I. The convolution kernel
(I — TVQ,V1>_1 then takes Lg’z into itself again, while the last operator 77 y; takes L%@ C
L%Li’oo into the dual Strichartz space.
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With no further effort we obtain that

HZIILtng,oo <2061 + IIFIIL%L6/5,1)'

T

(3.180)

This results from (3.179) by the estimates we already have, in particular by Proposition
3.5. Indeed, one has that Ty ; takes L%LG/&1 to L%L%, then by Theorem 3.3 (I —
iTVz’Vl)’l takes L%L% into itself, and finally 77y, takes L%L% to LtlL67°O.

Concerning the H 1/2 case, the conditions of Theorem 3.3 are again satisfied. Indeed,
assume that V] and V5 are smooth and of compact support. One then has decay at infinity

of the kernel, meaning

—itA —itA -
[Voe ™" Villgaje_ g2 < Clle it lyir1/2:6/5—¢ qp1/2.640e < Clt[7° (3.181)
and
o0
lim ls| 717 ¢ds = 0. (3.182)
t—o0 J¢
Furthermore,

t . )
[ Nl mov; — vt ov . a

t .
<cdmir( [ ey, a) (3183)

—1 loc
1/4,1/2
< cel/Al/ 1 /2
Finally, we have to check that the kernel is integrable in time. Since Hgy commutes with

differentiation,
w .
100 g2t < g 1205 (3.154)

In other words,
t

TE(t) = / e t=5)Ho () ds (3.185)

—0o0

takes L%|V|71/2L365/5’1 into L%|V|71/2Lg’oo. Multiplying by V5 on the left and V; on the

right produces Ty, v, , a HY/2 bounded operator.

Then, following approximation of V| and V5 in Wl/22—€npirl/2,2+e by smooth, com-

pactly supported functions, we obtain that Theorem 3.3 applies. Since the H 1/2 excep-
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tional set is empty in the lower halt-plane, we obtain that I — Ty, v, is invertible from
L2 ; 1/2 to itself.

By (3.179) we then obtain Strichartz estimates for H/2, Indeed, Ty, 1 takes L2
Lt H, 1/2 to L2 1/ 2 . Then, an application of (I — 1TV1,V2) preserves L%Hx/ . Finally,
Ty y, takes L2H1/ 2 0 L2 8, 0

1/26/5,

Remark 3.18. An easy proof can be given, if V. € L1 N L>® has an empty exceptional
set, to <t>*3/2 decay estimates from LY N L2 to L? + L. We can conduct the proof in
the Beurling algebra of kernels (see Remark 3.2)

Beoo,—3/2s = (A [A®D) ] Be = Sl;p(<t>3/2!|A(t)||L2HL2) < oo} (3.186)
The proof follows that of Theorem 3.17, but is more straightforward.
Theorem 3.19. Let Z be a solution of the linear Schrodinger equation
i0Z +HZ =F, Z(0) given. (3.187)

Assume that H = Ho+V, V € L3/2Y is scalar as in (3.2) or is matriz-valued as in (3.3),
and that no exceptional values of H are contained in o(Hgy). Then Strichartz estimates

hold: fort >0

12l e pyzgse < CUIZONHIFNy o o52) (3.188)

and

1721 0w < C(1ZONays0+ 17y 05): (3.150)

Assume that V- =ViVy as in (3.6) or (3.7) and Vi, Vo € W1/2.2—€ n1irl/224€ Thep

P2 1126 < C>IZO a2 + 1Py e oiryoeys)- (3:190)

LBy 2,

Proof. Fix A\g € R and let

Z=e"Mp.z F=e"™P.F H=H+\y, Hy=Ho+ . (3.191)
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The equation for Z becomes
iy Z +HP.Z = F, Z(0) = P.Z(0) given. (3.192)

Write, initially for F € L} L2,
~ t . ~ ~
2(t) = / (it=5)(H20)Pe (i B (5) + 6,_0 7(0)) dis. (3.193)

—0o0

It follows by our estimates of Lemma 3.12 that
HZIILtooL% < C(12(0)]|2 + IIFHL%L%) < C(12(0)]|2 + ||FHL%L%)~ (3.194)

To begin with, assume the potential V' is bounded of compact support. Consider the

following arrangement:

P-H =Hy+V — PyH. (3.195)

The spectrum and exceptional set of H are the same as those of H, only translated by
Ao. For a proper choice of A, we can always ensure that H does not have an exceptional

value at zero.

For V € L3/ 21 Lemma 3.16 provides a multiplicative decomposition
V — PyH = F1(V)Fy(V), (3.196)

such that both Fy (V) and F5 (V) are bounded operators from L2 to LO/5:1 Let

t ‘ N
(Try vy, (v) () = / Py (V) =) Ho (V) F(s) ds (3.197)

—0o0

and
t

(T (v) 1 F)(t) = / F(V)elt=9Ho p(s) ds. (3.198)

—00

Duhamel’s formula implies that

Fy(V)Z = Tpyvy 1 (—iF + 61=02(0)) + iTpy vy oy (v (F2(V) 2) (3.199)
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and, further,

(I - ZTFQ(V),Fl(V))F2<V)Z == TFQ(V),l(_ZF + (St:()Z(O)) (3200)

By Lemma 3.16, the Fourier transform of I — iTFz(V), (V) is invertible in the lower
half-plane. One can check the other requirements of Theorem 3.3 in the same manner as

in the proof of Theorem 3.17. Then we apply Theorem 3.3 and conclude that

(- iTFQ(V),Fl(V))_l (3.201)

exists as a bounded operator from Lf L?E to itself for 1 < p < oo.

Thus we can invert in (3.200), obtaining

. -1 . 5
Strichartz estimates for the free Schrodinger evolution imply, then, that

IVaPeZll 25 < C(IZO)ll2 + 1] (3:203)

rir24r2ry 52) '
Applying the Duhamel formula again results in the Strichartz estimate (3.188). Propo-
sition 3.5 combined with (3.200) leads instead to a proof of (3.189). O

3.7 The time-dependent case

We turn to time-dependent equations. Many of the previous observations, concerning
the Fourier transform and Wiener’s Theorem, apply here as well. However, the Fourier
transform of a kernel T'(¢, s) which is not invariant under time translation is no longer a
multiplier T (A) : H — H for each ); it is a family of non-local operators instead. Such a
generalization was studied by Howland [How].

We shall not follow this direction in the current work. Instead, we only look at small
perturbations of time-independent operators.

We prove a concrete result in the case of interest, while at the same time placing it

within a more general framework.
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Given parameters A(t) and v(t) = (v1(t),v2(t), v3(t)), consider the family of isometries
Ult) = e Jo(20(s)V +iA(s)o3) ds (3.204)
The rate of change of U(t) is then controlled by the norm
A | zge + lv()]l Leo- (3.205)
The linearized Schrédinger equation under study has the form
iR(t) + (Ho + U@®)"'VU#))R(t) = F(t), R(0) given. (3.206)

Observe that the Hamiltonian at time ¢ is U(t) Y (Ho + V)U(t), since H and U commute,
i.e. it is Hg + V = H conjugated by U(t).
Let Z(t) = U(t)R(t). We rewrite the equation in the new variable Z, obtaining

W Z(t) — i UMU ()L Z(t) + HoZ(t) + VZ(t) = U)F(t), Z(0) = R(0).  (3.207)

In our study of the time-dependent equations (3.206) and (3.207), we employ the

following algebras, whose definitions parallel Definition 3.1.

Definition 3.4. The algebras K14, and K are

Rrsu = {T5) lswp [ [T (t.5) o dt < C,
S

sup/ IT(t,s)||o—ods < C} ®{z] | z € C}.
t JR (3.208)

K = {T(t,5) [sp |T(t,9)f 13 < CI1 2

Sup [T (t,5)1 13 d5 < CIfl12):

This expands the definition of Kig,, from Remark 3.2, by allowing operators that are
not translation-invariant.
Either one of the two conditions alone would be enough to define an algebra, but

having both satisfied makes K14, a C* algebra. The addition of the unit turns it into a
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unital algebra.

K also contains operators that are not invariant under translation, is naturally en-
dowed with a unit, and is a C* algebra.

In addition to these two algebras, when proving H1/2 estimates we employ the algebras
V| 7Y2K 14, |V|Y2 and | V|~ Y2K|V|Y/2, for which a specific notation will not be assigned.

In the subsequent lemma we encapsulate all the properties of U that we actually use

in our study of (3.206) and (3.207).

Lemma 3.20. Let U(t) be defined by (3.204).
1. U(t) is a strongly continuous family of WSP isometries, for s € R, 1 < p < 00.
2. For everyt and s >0, U(t) and U(s) commute with Hy and each other.

3. For some N
() N (U (1, 5)e'Ho — =)Moy () =N - < ¢ (3.209)
and there exists €(N) > 0 such that

(@)~ N (U (2, 5)e’ M0 — Um0y @)= <
15“N (3.210)

< C(| AW g + llo(®)]| o) ™).
These properties can be further refined. More specifically, we may replace <x>_N L? by
L6/5—€ [6/5+¢ and by (:lc>_€(L6/5_6 N L6/5+6), respectively. However, this sharpening

is unnecessary.

Proof. 1t is easy to verify the first two properties directly. In particular, the Laplace
operator A commutes with translations.

Concerning the last two properties, we compare
T(t,s) = ¢!(t=5)Ho (3.211)

and
T(ts) = pilt—5YHo o [L(20(7)V+iA(r)og) dr (3.212)
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On one hand, from dispersive estimates,

IT(t,s) — T(t,8) |10 < Clt — s|7%/2. (3.213)
On the other hand,
IT(t,s) — T(t,s)]a—a < C. (3.214)
It follows that for N > 1
@) M(T = T) ) N <C. (3.215)
1su

This holds with a constant independent of A and v.

Finally, we prove the last stated property. Assume A and v are small. We first
consider the case when there is no translation movement due to v and we only have to

handle oscillation, due to A. Denote this kernel by Tyse, that is

Toselt, s) = eilt=9)H0J5(1A()og) dr (3.216)

One has
¢! — 1 < Cmin(1,a) (3.217)

and thus
IT(t,5) = Tose(t, s)ll2—2 < Cmin(1, [ Allcclt — s]) < Cl|Al|S [t — 5] (3.218)

Therefore, for large enough N, it follows from (3.213) and from (3.218) that

I(z)~™(T - Tosc)<55>_N||f(18u < c||A|L, (3.219)

Next, we consider the case when v is not necessarily zero. Let d(t) = fg v(7)dr. Then

o—ilt=9)A ([L20(r) dr)V _

a—yl2 (@—y)(d()—d(s)) | (d(t)—d(s))? (3.220)
B W(t_sr?)/%’h(t—s) s )
—4aTl
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(d(t)—d(s))>

126

We treat the last factor ei i—s in the same manner in which we treated the

factors containing A. Consider the kernel that contains those factors together with

1 . .
e t=s | leaving aside e i=s

(d(0)d(5))? (z=y)(d()=d(s))

_d(s)2
Ty(t,5) = eilt-9Mog L i(A()og) dr i WO

For this kernel as well, one has

< C(IANL + [[o1LD).

@) N =T Vg, <

Considering the fact that

(z—y)(d(t)—d(s))

e — 1| < Cmin(1, [[ofloc(lz] + [y]) < Cllol[S (2] + ly])°,

it follows that for large enough N

1) N (T (t,s) = T1(t, 9){x) N |lama < Cllol|Slt — 5| 73/2.
We also have the trivial bound
IT(t,s) = T1(t,s)]la—2 < C.

Therefore

()= (T = Ty)(x) < C|v) L,

—Nj| _
HKlsu

Overall, we find that

@)™ (T =Ty Vg, < CUAIL + o)L,

(3.221)

(3.222)

(3.223)

(3.224)

(3.225)

(3.226)

(3.227)

Theorem 3.21. Consider equation (3.206), for H = Ho+V as in (5.3) and V € L3/%1
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not necessarily real-valued:

i Z —w(t)VZ + A(t)osZ + HZ = F, Z(0) given, (3.228)

A 0 Wi W
M= a (Ml W2 (3.229)
0 —A+tp ~Wy W]

and assume that | Al|lco and ||v||co are sufficiently small (in a manner that depends on V')

and there are no exceptional values of H embedded in o(Hg). Then

[1PeZ]| 62 < C(IIZ(O)Ilz +[1F] (3.230)

LI3nI2LY* = LH2412 Lg/5,2>-

Under the same conditions, assume in addition that, when factoring V= ViV as in (3.7),

Vi, Vo € W1/22-€ A Tir1/2.24¢  Thep

Pz <c(zo - Pl . . ) 3.231
| PeZ|| 1726 < C{IZO0)]| g1z + | ||L%H;/2+Lt2w§/2’6/5 ( )

L;OH;/ QQLt?Wx
Proof. To begin with, we assume that V' is smooth of compact support. This guarantees
the existence of a solution R, albeit one that may grow exponentially. Once we have
obtained the desired result under this restriction, we use approximation and Strichartz

estimates to retrieve it in the general case as well.

As in the time-independent case, let

7 =eMp.z, F =P F —2iu(t)[P:,V]Z + A(t)[P:, 03] Z,

B ~ (3.232)
H="H+ Ny, Ho=Hpy+ Ao-
The equation becomes
i Z —iv(t)VZ + A(t)o3Z +HZ = F, Z(0) = P.R(0) given. (3.233)
The commutation terms
2iv(t)[Pe, V] Z, A(t)[P., 03]Z (3.234)

are small in the dual Strichartz norm (for small ||v||s and ||A||sc) and thus can be
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controlled by Strichartz inequalities and a simple fixed point argument.

For a proper choice of Ay, zero is not an exceptional value for H. Lemma 3.16 then
provides a decomposition

V — PyH = Fi(V)Fy(V), (3.235)

where Fy (V) and F§ (V) are in £(L?, L5/5:1) and can be approximated in this space by
operators F[" and F3', such that F{* and (F3')* are bounded from L2 to (z)"NL2.

Denote

t

Ty vy, m ) F () = /_ Fy(V) P M0y (¢, ) Fy (V) F(s) ds, (3.236)
respectively
t ‘ i
Ty 1 F(t) = / Fo(V) P =90 (5) dis. (3.237)
By Duhamel’s formula,
(V) Z(t) = iTpy vy, 1y (v) V22 () + Tryv),1 (—iU () F(s) + 05=02(0)). (3.238)

We compare the time-dependent kernel T Fo(V),F (V) with the time-independent one

t

Tryw),mF ) = / Fy(V) Pee =50 y (V) F(s) dis. (3.239)

—00

For each n, by Lemma 3.20 we obtain that

”A|1|1£1_>0 1Trp,pn = Tpp pellg, =0 (3.240)

[0]lo0—0

At the same time, since Fi' and F[" are approximations of F5(V') and Fy(V),

lim | Tpp pn = Try vy m )l g =0,
n—oo ' L9 1q 2(V),F1(V) (3.241)

lim IITFg,F{L ~ Tpyv)m o)l =0

n—oo
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Therefore,

i Trw).nw) ~ TRv).aw i, =° (3.242)

[v]lco—0
As a consequence of Lemma 3.16, the operator I — T F(V),Fy(V) is ~invertible in the
translation-invariant algebra K and, thus, also in the time-dependent K algebra of Def-
inition 3.4. By (3.242), it follows that when ||A||x and [|v||c are small enough I —
iTFl(V)7 (V) is also invertible in K.
This immediately implies the desired Strichartz estimates.
In regard to the o2 case, assume that V7 and V5 belong to Wl/2:2—€q pjrl/2.2+e,

Then we have the decomposition
V — PyH = F (V) Fy(V), (3.243)
where
F(V) e L(HY2|v|7Y2L0050 | my(v) e c(|v| Y215, F1/2) (3.244)
respectively. F7 (V) can be approximated in this space by operators
FPre L(HY? ()~ N1L?) (3.245)

and F5(V') can be approximated by F3j' € L((x)NL?, Hl/Q), for some large N.
Proceeding in the same manner, with the help of Lemma 3.16 it follows that

IIAllliiLo IRy, 1) = TRy ) R (1) H|v|—1/2f(|v‘1/2 =0. (3.246)

[0]lo0—0

Therefore we can invert TFQ(V),Fl(V) in the operator algebra |V|™1/2K|V|}/2 and the

proof of H 1/2 Strichartz estimates proceeds in exactly the same manner. O



APPENDIX A
SPACES OF FUNCTIONS

Our computations take place mostly in Lebesgue and Sobolev spaces of functions defined
on R3t1. This corresponds to three spatial dimensions and one extra dimension that

accounts for time.

To begin with, we only consider measurable complex-valued functions or ones that
take values within a finite-dimensional Banach space. In general, dealing with more
general Banach space-valued functions, one must distinguish between weak and strong

measurability.

We denote the Lebesgue norm of f by by || f||p. The Sobolev spaces of integral order
W™P are then defined by

1/p
1l = ( 3 Haafuﬁ) (A1)

la]<n

for 1 < p < oo and
| fllwn.oo = sup [[0°foo- (A.2)

la|<n
when p = co. In addition, we consider Sobolev spaces of fractional order, both homoge-

nous and inhomogenous:

I fllwse = (V)" fllp, respectively || fllyisp = [IVIf]lp. (A.3)

Here (V)* and |V|® denote Fourier multipliers — multiplication on the Fourier side by

(€)% = (1+[€]2)%/2 and |¢|* respectively.

When p = 2, the alternate notation H = W92 or H® = W*?2 is customary.
130
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Strichartz estimates may involve mixed space-time norms of the form

—00

00 1/p
HfHLfW;’q - (/ Hf(%ﬂ”%@q dt) : (A.4)

Our computations naturally lead to Lorentz spaces. Given a measurable function f

defined on a measure space (X, i), consider its distribution function

m(o, f) = p({z [ [f(2)] > o}). (A.5)

Definition A.1. A function f belongs to the Lorentz space LP9 if its decreasing rear-

rangement
[*(t) = inf{o | m(o, f) < t} (A6)
fulfills
%0 dt\ 1/
e = [T @rrnst) <o (A7)
or, respectively,
|fllppoe = sup t"Pf*(t) < oo (A8)
0<t<oo

when q = 0.
We list several important properties of Lorentz spaces.
Lemma A.1. 1. LPP = LP and LP*>° is weak-LP.

2. The dual of LP-1 s Lplvq/, where 1/p+1/p' =1, 1/q+1/¢ =1, just as for Lebesque

spaces.
3. If q1 < qo, then LP9 C LP92.

4. FExcept when q = oo, the set of bounded compactly supported functions is dense in
2

For a more complete enumeration, see [BeLg.
In this somewhat abstract setting, it is important to note that f € LP7 if and only if

|f| € LP4] so the study of the general case can be reduced to that of real-valued functions.
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Other spaces of functions are introduced as needed in the course of the proof. Espe-
cially important are the space of Borel measures of finite mass, denoted by M, and the

discrete Lebesgue spaces (4 = L1(Z), 11 = L9(N) with respect to the counting measure.

We conclude by proving a lemma concerning the atomic decomposition of Lorentz

spaces. In preparation for that, we give the following definition:

Definition A.2. The function a is an LP atom, 1 < p < oo, if a is measurable, bounded,

its support has finite measure, and a is LP normalized:

ess sup |a(z)| < oo, p(suppa) < oo, (ess sup |a(z)|)P - p(suppa) = 1. (A.9)
xT

X

Again, note that a is an atom if and only if |a| is one.

Lemma A.2 (Atomic decomposition of LP9). Consider (R", u), with u the Lebesgue
measure. A function f belongs to LP4(R™), 1 < p, q < o0, if and only if it can be written

as a linear combination of LP atoms

f=> apay, (A.10)

keZ
where the atoms aj, have disjoint supports of size ok and (o) € 1. Furthermore,

| fllzpsa ~ |lagllea and the sum converges unconditionally (regardless of the order of sum-

mation) in the LP? norm.

This is just a discretized version of the definition of Lorentz spaces (A.7).

Proof. In one direction, assume that f € LP? and let fj, = f*(?k), for f* asin (A.6). By
the definition of the distribution function, there exist disjoint sets A, of measure ok , on

which fr > |f(z)| > fra1. Furthermore, since the distribution function is decreasing, by
(A.7) one has that

1/q 1/q
(S 250) " 2 Uflzpa = (@ s0)7) (A1)
k

k
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or, equivalently,

1/ 1/
e 1) "2 1 fllgpa 2 (s | (A.12)

k k

Then let

ay, = 25/P ess sup{| f(z)| | = € Az}, (A.13)

ar = (xa,.f)/ou;
when oy = 0, we pick a in an arbitrary fashion, say a;, = 2_k/pXAk~ Note that aj. is an
atom for each k and
kP f > ap > 2k g (A.14)

Therefore

22P(3 " ag | DY > | fllppa > 2723 ey 1)1, (A.15)
k k

so [|fllzpa ~ |lagllga. The unconditional convergence of >, |ag|?, then, implies the

unconditional convergence of > aay.

In order to establish the converse, consider any sum

f=Y"aa, (A.16)

keZ

where aj are LP atoms of disjoint supports of size 2k and only finitely many of the

coefficients oy, are nonzero. One needs to show that

1 fllLpa < Cllagllea, (A.17)

with a constant that does not depend on the number of terms.

Observe that each atom ay, has ess sup |ag ()| = 27%/P. Since the measures of supports
of atoms ay, for £ < kg, add up to at most 2k0, it follows by the definition of the

distribution function that

F5(2%0) < sup Jagag(n)] = sup 27jay|. (A.18)
k>kq k>kq
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Then, the integral that appears in the definition (A.7) can be bounded by

[ @ wnst < 3 @/ sup 27y
0 t kOGZ >k
<3 pnyy o
kEZ Ko<k

24/p

q
261/19_1Z| ol

It follows that || f|| p.q is indeed finite and fulfills (A.17).

134

(A.19)

]

In order to avoid needless complications, we proved the atomic decomposition lemma

only for R"™ endowed with the usual Lebesgue measure. The exact same conclusion holds

for any infinitely divisible measure space.

Instead of having atoms supported on sets of size 2k in a more general setting the

correct condition is that the support sizes should be separated:

p(supp ay,) € [2F, 2541,

With this minor modification, the lemma holds for any measure space.

(A.20)
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REAL INTERPOLATION

Our presentation of interpolation faithfully follows Bergh and Lofstrom, [BeLd], and is
included only for the sake of completeness. The reader is advised to consult this reference
work for a much more detailed exposition.

For any couple of Banach spaces (Ag, A1), contained within a wider space X, their

intersection, Ag N Ay, and their sum
A0+A1:{x€X|x:ao+a1, ag € Ao, aleAl} (B.l)

give rise to two potentially new Banach spaces.
Given a couple of Banach spaces (Ag, A1) as above, define the so-called K functional
on Ag + Ay by
K(t,a)= _inf (llaollay + thalla,). (B.2)

a=ap+aq

Definition B.1. For 0 <0 <1, 1 < q < o0, the interpolation space (Ag, A1)gq = Ag 4
is the set of elements f € Ay + Ay whose norm

00 1/q
I£lag, = ([0 x0F) (B3

T
is finite.

(Ao, A1)g 4 is an exact interpolation space of exponent 6 between Ay and Ay, meaning

that it satisfies the following defining property:

Theorem B.1. Let T be a bounded linear mapping between two pairs of Banach spaces
(Ao, A1) and (By, By), i.e.

I7Fll5; < MjllflLa,. 5 =0.1. (B.4)
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Then
1-0 476
HTfH(B(),Bl)aq S MO Ml HfH(A()vAl)qu' <B5)

For two couples of Banach spaces, (A(()l), Agl)) and (A(()Q), A?)),

1 2 1 2 1 1 2 2
(A x a8 A s Ay, = (alD) Ay (Al AP, (B.6)
The following multilinear interpolation theorem is due to Lions—Peetre:

Theorem B.2. Assume that T is a bilinear mapping from (A(()j) X Ag‘j)) to BJ for j =0,1
and

17, ™), < MjllaV] ) lla? H (B.7)

Then

Q@ < Clla (
1T, aDlls0.B1g, < Clal 40 4oy, o3l e 4o,

fo<0<1,1/g—1=(1/q1 —1)+(1/g2—1), 1 <q< o0,
Finally, below we list the results of real interpolation in some standard situations:

Proposition B.3. Let LP be the Lebesque spaces defined over a measure space (X, ju) and

LP1 be Lorentz spaces over the same. Then

1. (LPoA0, [P1AY)g o = P4, for po, p1, qo, q1 € (0,00], po # p1, 1/p = (1 —0)/po +
0/p1,0<0< 1.

2. For a Banach space A, define the weighted spaces of sequences (homogenous and

inhomogenous, respectively)

egm):{<an>nez|u<an>\uq >:( > 2 “A>q)1/q<°°}

n=—oo

4 = {(an)uso | Honlige (iﬂ 2" a4 )1/q<oo} v
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Then

(Egg (AO)a gg} (A1>>9,q = €L81<<A07 Al)@,q)7
, (B.10)
ls

(ggg(AO)agg}(Al))e,q = ((AO,Al)&q),
where 0 < qp, q1 <00, s=(1—0)sg+0s1, 1/g=(1—-0)/q0+0/q1, 0 <6 < 1.

3. (LPO(Ag), LP1(A1))gp = LP((Ao, A1)gp), for 1/p = (1 —0)/po +0/p1.

Again, the reader is referred to [BeLd] for the proofs and for more details.
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